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FOREWORD 
This  cont rac t  resu l ted  f rom a des i re  to  provide  exper imenta l  
da t a  fo r  compar i son  wi th  ana ly t i ca l  r e su l t s  on  wave p r o p a g a t i o n  i n  
shel ls .   Valuable   advice  and  discussions on t h i s  problem were held 
wi th  seve ra l  co l l eagues  a t  NASAILangley, Lockheed (Palo Alto), and 
a t  TRW Systems. 
A s p e c i a l  n o t e  of thanks i s  due R. N.  Schreiner ,  who helped 
r educe  the  f r inge  da ta ,  and J. E. Wright, who solved many of t h e  
design problems which arose during this study. 
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HOLOGRAPHIC  MEASUREMENT OF WAVE 
PROPAGATION IN AXI-SYMMETRIC  SHELLS 
David A.  Evensen 
Robert  Aprahamian 
Jerold  L.  Jacoby 
TRW Systems  Group 
SUMMARY 
Holography  is  a  lensless  imaging  technique  which  allows  the 
reconstruction  of  three  dimensional  images.  A  related  technique, 
called  holographic  interferometry,  allows  one  to  measure  static  or 
dynamic  displacement on the  order  of  a  wavelength  of  light.  The 
present  report  deals with the  use  of  pulsed,  double-exposure  holographic 
interferometry  to  record  the  propagation  of  transverse  waves in thin- 
walled  axi-symmetric  shells. 
The  report  is  subdivided  into  sections  dealing  with 
(i) Wave  propagation  in  circular  cylindrical  shells 
(ii) Wave  propagation  past  cut-outs  and  stiffeners 
and 
(iii)  Wave  propagation in conical  shells 
Several  interferograms  are  presented  herein  which  show  the  waves 
reflecting  from  the  shell  boundaries,  from  cut-outs,  and  from  stiffening 
rings.  The  initial  response of the  shell  was  nearly  axi-symmetric 
in all  cases,  but  non-symmetric  modes  soon  appeared  in  the  radial  response 
(i.e., w % w + w  cos  n e ) .  This  result  suggests  that  the  axi-symmetric 
response of the  shell  may  be  dynamically  unstable,  and  thus  may 
preferentially  excite  certain  circumferential  harmonics  through 
parametric  excitation. 
0 n 
Attempts  were  made  throughout  this  study  to  correlate  the 
experimental  data  with  analysis.  For  the  most  part,  good  agreement 
between  theory  and  experiment was obtained.  Occasional  differences 
were  attributed  primarily  to  simplifying  assumptions  used in the  analysis. 
As  faster  and  more  economical  computer  analyses  of  wave  propagation 
become  available,  it  is  hoped  that  the  experimental  data  given  herein 
will  serve  to  verify  computer  solutions. 
From  the  standpoint  of  engineering  applications,  it is clear  that 
pulsed  laser  holography  can  be  used  to  obtain  quantitative  engineering 
data.  Areas of dynamic  stress  concentration,  stress  concentration 
factors,  local  anomalies,  etc.,  can be readily  determined  by  holography. 
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1.0 INTRODUCTION 
Wave-propagation in thin  walled  shells is of  interest in many 
areas  of  applied  mechanics. For example,  pyrotechnic  shock  loading 
in launch  vehicles  causes  waves  to  propagate  along  the  length  of  the 
structure.  Other  practical  areas  of  application  include  wavesinteracting 
with  cut-outs  and  stiffeners in re-entry  vehicles,  spacecraft, etc. 
From  an  analytical  standpoint,  the  problem  of  calculating  the 
shell  response  is  very  difficult  (unless  simplifying  assumptions  are 
made). For  example,  one  common  approximation is to  assume  the  response 
is axi-symmetric.  This  assumption  can  then  be  verified  by  experiment, 
if  necessary.  Another  common  assumption is to  neglect  rotary  inertia 
and  transverse  shear  effects in the  analysis.  Again,  this  approximation 
can  be  checked (by using an improved  theory) or by  experiments. 
The  primary  objective  of  the  present  study  is  to  provide 
experimental  data  for  comparison  with  analysis.  Since  the  experiments 
involve  the  use  of  holography  (Refs. Z - 8)  , the  reader  who  is  unfamiliar 
with  the  method  may  wish  to  look  up  either  the  texts  or  reports 
referenced  herein. It is  safe to  say  that  by now holography i s  a 
widely-accepted  measuring  technique.  Pulsed  laser  holography  has  been 
used in previous  studies  of  wave  propagation  (Refs. 7, 8 )  in 
structures,  as  well as measuring  shock  waves in gases  and  solids. 
Regarding  wave  propagation in  shells, it is  worth  noting  that 
most  of  the  analyses  are (1) linear  and (2) restricted  to  shells  of 
revolution. A further  simplification  that is ordinarily  introduced 
in  the  calculations  is  to  ignore all  variations  in 8, the  circumferential 
co-ordinate.  Only  recently  have  non-axisymmetric  computer  analyses 
become  available.  Thus,  one  objective  of  this  study  was  to  provide 
non-symmetric  data  (showing  waves  passing  a  cut-out,  etc.)  to  compare 
with  computer  simulations. 
The  tests  were  done  on  two  aluminum  cylinders,  with  a  nominal 
radius  a = 5 " ,  and  the  thickness of h = .106, and  h = .25  inches, 
respectively.  The  experimental  results  suggest,  that  the  axi-symmetric 
response  may  not be stable.  That  is,  if you have an axi-symmetric 
wave  propagating  longitudinally  along  the  shell,  will  it  then  cause 
the  non-symmetric  modes  (cos n 8) to  become  unstable.  The  experimental 
results  suggest  that  the  axi-symmetric  response  is  indeed  unstable, 
since  certain  harmonics  (cos 128, for  example)  are  predominant in the 
non-symmetric  response. 
Another  point  of  interest  involves  the  response  of  the  thick-walled 
shell (h = .25  inches). In this  case,  the  loading  of  T = 10 psec 
duration  excited an elasticity  type  response  which  could  not be 
predicted  using  shell  theory. 
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Results  given  herein  include  the  holograms  (photos)  and  in  many 
cases  the  corresponding  radial  displacement, w. For  the  most  part, 
the  theory  and  experiment  are  in  agreement,  with  the  lack of agreement 
thought  to  be  attributed  to  simplifying  assumptions  of  the  analysis. 
Tests  were  also  conducted on two  conical  shell  specimens  as  well, 
and  these  results  are  included  herein. 
From  the  standpoint of practical  engineering  applications,  it  is 
clear  that  pulsed  laser  holography  can be used  to  obtain  quantitative 
engineering  data.  Areas of dynamic  stress  concentration,  stress 
concentration  factors,  local  anomalies,  etc..  can  be  readily  determined 
and  evaluated  by  holography. 
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2.0 DOUBLE-EXPOSURE HOLOGRAPHIC  NTERFEROMETRY 
Holographic  in te r fe rometry  is an opt ical  technique which al lows measure-  
ment of d i sp lacements  on  the  order  of a wavelength of l ight.  Textbooks are 
a v a i l a b l e  which discuss holography and its appl ica t ions  (Refs .  1, 2, and 3) .  
A b r i e f  summary of holography which i s  o r i en ted  toward  s t ruc tu res  and dynamics 
app l i ca t ions  is given i n  R e f .  4 .  Deta i led  descr ip t ions  of  ho lographic  inter- 
ferometry are t h u s  r e a d i l y  a v a i l a b l e  t o  t h e  u n i n i t i a t e d  r e a d e r .  
The present  s tudy  dea ls  exc lus ive ly  wi th  the  appl ica t ion  of  double-  
exposure holography, using a pulsed ruby laser. F i r s t  a hologram is made of 
t he  undeformed, s t a t i o n a r y  o b j e c t  ( i n  t h i s  case a s h e l l ) .  Then t h e  o b j e c t  
i s  deformed (by an applied load) and the hologram is exposed f o r  a second 
time. When t h i s  "double-exposed  hologram'' is  developed  and  then  i l luminated, 
two images are produced:  one is  from  the  undeformed  object  and  the  other 
from  the  deformed  object. The l i g h t  waves  (which  form t h e  two images) 
i n t e rac t  w i th  one  ano the r  and create v i s i b l e  i n t e r f e r e n c e  f r i n g e  patterns. 
By analyzing these fr inge pat terns ,  one can determine the surface deforma- 
t i ons  o f  t he  ob jec t  ( s ee  Ref .  5). 
Each exposure of t h e  hologram by the pulsed ruby laser involves  a 
l i g h t  p u l s e  which has a durat ion of  about  50 nanoseconds (50 x lo-' sec .  ) . 
This exposure time is s u f f i c i e n t l y  s h o r t  t o  e f f e c t i v e l y  " f r e e z e "  t h e  deforma- 
t i o n  of t h e  s t r u c t u r e  a t  a p a r t i c u l a r  i n s t a n t  i n  time. Thus the  double- 
exposure hologram gives a record of  the deformation on the surface of  the 
o b j e c t ,  a t  a p a r t i c u l a r  t i m e ,  say ti. Th i s  spa t i a l  r eco rd ing  can  be  used  to  
complement convent ional  s t ra in  gages  or  acce lerometers  which  y ie ld  t i m e -  
h i s t o r i e s  o f  t h e  d e f o r m a t i o n ,  a t  a f ixed  loca t ion ,  s ay  2 i' 
Double-exposure holographic interferometry has been used to measure 
wave p r o p a g a t i o n  i n  rods (Ref. 6)  , beams (Ref. 7) , p l a t e s  (Ref. 8) , as 
well as s u r f a c e  waves, and  shock waves i n  s o l i d s .  Aerodynamic  waves  have 
a l s o  been  studied  using  holography  (Refs. 9 , 10). Thus i t  is c l e a r  t h a t  
ho lographic  in te r fe rometry  I s  now a wel l -es tab l i shed  exper imenta l  t echnique  
which  has  been  successfu l ly  appl led  to  many problems i n  e n g i n e e r i n g  
mechanics. 
Typical  double-exposure holographic  resul ts  are g iven  in  F igu re  1, 
which shows wave propagacion in a f l a t  p l a t e .  
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( a )  A = 80 psec ( b )  A = 100 psec 
( C )  A = 130 pSB: ( d )  A = 150 psec 
Figure l ( a ) :  Flexural waves i n  an e last ic  p late ,  recorded holographically 
(see Ref. 8 ) .  
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Figure l ( b ) :  Def lec t ion  da ta  obta ined  f rom the  in te r fe rogram (see  Ref .  8). 
3.0 TRANSVERSE  WAVES IN CIRCULAR  CYLINDRICAL  SRELLS 
Introduction  and  Description of the  Problem 
Consider a thin-walled  circular  cylindrical  shell,  which  is  subjected 
to  an  axi-symmetric  impulse  loading  in  the  radial  direction  (see  Fig. 2). 
/- OUTWARD PULSE 
FsHELL 
Figure 2: Radial  pulse  loading  on  shell 
(r, 8, x, cylindrical  polar  co-ordinate) 
The  shell  is  described  in  terms  of  cylindrical  co-ordinates  (r, 8, x) in 
the  radial,  circumferential  and  longitudinal  directions,  respectively. 
The  corresponding  elastic  displacements  of  the  shell  are w ( adial), 
v (circumferential),  and u (longitudinal).  The  axi-symmetric  impulsive 
load  causes  waves  to  propagate  longitudinally,  and  the  experiments 
described  herein  give  results  for  the  radial  displacement (w)  as a 
function of  position  (x)  along  the  shell. 
The  following  sections  discuss  some  analytical  considerations 
relating to this  problem,  and  experimental  holographic  results  involving 
both  symmetric  and  non-symmetric  responses,  reflections  from  the  ends 
of  the  shell,  and  comparisons  between  theory  and  experiment. 
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I I: 
Some Analy t ica l  Cons idera t ions  
For dynamic problems (such as wave p r o p a g a t i o n )  i n  t h i n - w a l l e d  s h e l l s ,  
the mathematical  modeling of the  s t ruc tu re  usua l ly  invo lves  one  o f  t he  
following levels o f  soph i s t i ca t ion :  
( I )  - Love's First Approximation (Ref. 11) which is a s h e l l  t h e o r y  
analogous to  Bernoul l i -Euler  Beam Theory. 
(11) - tlTimoshenkoll  Theory,  which is a s h e l l  t h e o r y  t h a t  i n c l u d e s  
ro t a ry  ine r t i a  and  t r ansve r se  shea r  e f f ec t s  (See  Ref .  12) 
(111) - Three-Dimensional E l a s t i c i t y  Theory  (Ref. 13), which the 
she l l  t heo r i e s  approx ima te .  
The main differences between these three mathematical  approaches to  
s h e l l  dynamics can be described i n  terms of  the  v ib ra t ion  f r equenc ie s  and 
s t ructural  wavelengths  which are exc i ted  by  the  appl ied  loading .  
Fo r  example ,  r e fe rence  14 ind ica t e s  t ha t  conven t iona l ,  t h in  she l l  
theory (I) a p p l i e s  when 
0 L Wf 5 .1 Ws 
where w des igna te s   t he   f l exura l   v ib ra t ion   f r equenc ie s   and  f 
ITC 
w = - = -  
is the  f requency  of  the  f i r s t  l l th ickness-shear l l  mode i n  an i n f i n i t e  f l a t  
p la te   (Ref .  15). 
When r o t a r y  i n e r t i a  a n d  s h e a r  are inc luded  in  the  ana lys i s ,  t he  co r re -  
sponding  inequal i ty  i s  (Ref. 14) 
where wII denotes  the  v ibra t ion  f requencies  computed u s i n g  t h i s  'Improved" 
she l l  t heo ry .  
E l a s t i c i t y  t h e o r y  (111) is v a l i d  f o r  
O I W L U  E (3-4) 
8 
" -  .. .... . 
where w is a cu t -o f f  f r equency  s ign i f i can t ly  g rea t e r  t han  us. For  example, 
wE may %e a s s o c i a t e d  w i t h  l a t t i ce  v i b r a t i o n s   o r   o t h e r  effects i n  which the 
equations of continuum mechanics no longer apply. 
In  the  exper iments  repor ted  here in ,  the  forc ing  func t ior ,  appl ied  to  the  
s h e l l  h a s  a t ime-history given approximately by 
f ( t )  = s i n  2 s  T O l t L T  
which is shown i n   F i g u r e  3. The corresponding  Fourier  transform, 
a 
- i w t  2 nt dt s i n  T -a 
( t a b u l a t e d  i n  R e f .  16) is readi ly  evaluated and has  a spectrum IF(w)l as 
i n d i c a t e d   i n   F i g u r e  4 .  This   spectrum  (of   the  input   forcing  funct ion)   has  
a well-defined cutoff frequency given by 
4Tr 
c T  
w = -  (3-5 1 
where T is the  dura t ion  of  the  input  pu lse .  
The experimental  loading device (described in Appendix A) gave a pulse  
dura t ion  on the  order  of  10 psec. From Equation (3-5), the   corresponding 
cutoff frequency is  
w = 4 71 x l o 5  = 1.256 x 10  r ad / sec  6 
C 
(3-6) 
That is ,  the  inpu t  fo rc ing  func t ion  con ta ins  f r equenc ie s  p r imar i ly  wi th in  
the  range  
0 5 w 5 1.256 x 10 rad /sec  6 
For comparison purposes, the thickness-shear frequency of t he  th in -  
wal led cyl inder  used in  our  experiments  is  given by 
S - 3.83 x 10 rad /sec  6 = - -  s h  (3-7) 
( i . e . ,  an aluminum s h e l l  w i t h  a thickness  h = .1 inch).   Equations (3-6) and 
(3-7) show tha t  i n  ou r  th in - she l l  expe r imen t s  , w e  have frequencies i n   t h e  
range 
O ~ W ~ . 3 W  
S (3-8) 
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Figure  3:  Time-history of the  appl ied  load  (schematic)  
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(a) Pressure-time history 
(b) Spectrum of the p u l s e  
F i g u r e  4: I n p u t   p u l s e  and its  Fourier transform 
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which  sugges t s  t ha t  conven t iona l  she l l  t heo ry  (I) may n o t  a p p l y ,  i n  view of 
t h e   i n e q u a l i t y  (3-1) . 
A similar ca l cu la t ion  fo r  t he  th i ck -wa l l ed  aluminum test cy l inder  
(h = .25 inches)  g ives  
w = 1.53 x 10 rad /sec  6 
S 
and 
which clear ly  exceeds the bounds of t h e  i n e q u a l i t y  (3-1) given by Ref. 14 
f o r  c o n v e n t i o n a l  s h e l l  t h e o r y  ( I ) .  
However , i t  appears  that  the frequency bounds (3-1) and (3-3) given by 
Reference  14 are somewhat conservative.  For  example, i t  is  p o s s i b l e  t o  
exceed  these  bounds  ( for  t rans ien t  loadings)  and  s t i l l  obta in  adequate  
s o l u t i o n s  f o r  t h e  radial  d isp lacement ,   w(x , t ) .   In   such  cases, conventional 
theory (I) may co r rec t ly  p red ic t  t he  d i sp lacemen t s  bu t  no t  t he  acce le ra t ions  
(and/or  s t ra ins) ,  which  involve  der iva t ives  of  the  d isp lacement .  A thorough 
d i scuss ion  o f  t h i s  po in t  and t h e  l i m i t a t i o n s  o f  s h e l l  t h e o r y  (I and  11) is 
given in  Ref .  17.  
It should be noted that  the thickness-shear  f requency (w ) given ia 
Equation (3-2) is d i r e c t l y  r e l a t e d  t o  t h e  time requ i r ed  fo r  a s shea r  wave t o  
propagate   th rough  the   th ickness   o f   the   she l l .   That  i s ,  
2.rr 2h 
Ts w 
" - I- 
C 
S S 
(3-10) 
i s  t h e  t r a v e l  t i m e  f o r  a wave (having speed c ) to  propagate  a d i s t a n c e  2h 
( round  t r ip ) .  Fo r  the  cy l ind r i ca l  she l l s  wh i sh  were tes ted ,   Equat ion  (3-10) 
g ives  
Ts = 1.65 psec ( f o r  h = .1 inch)  
and Ts = 4 . 1  psec ( f o r  h = .25  inch) 
These  t rave l  times a r e  s i g n i f i c a n t l y  less than  the  dura t ion  of  the  input  
f o r c e  p u l s e  (T ~ 1 0  psec)  and  ind ica te  tha t  wave propagat ion through the 
thickness  of t h e  s h e l l  is  much less important than wave propagation along 
the  l eng th  o f  t he  she l l .  Th i s  g ives  add i t iona l  ev idence  to  suppor t  t he  con- 
c l u s i o n  t h a t  s h e l l  t h e o r y  w i l l  adequately descr ibe the observed experimental  
response,  and that i t  is n o t  n e c e s s a r y  t o  u s e  e l a s t i c i t y  t h e o r y  ( 1 1 1 )  i n  t h e  
a n a l y s i s .  
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With this preliminary  discussion as a background,  the next section 
describes  the  tests  on  a thin-walled aluminum  shell and the  corresponding 
holographic  measurements. 
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Experimental Set-Up and Test Procedure 
T e s t  Specimens - The she l l  spec imens  used  in  these  exper iments  
were s z t i o n s  of seamless aluminum tubing, which is avai lable  commercial ly .  
The tubing w a s  cu t  t o  the  nomina l  l eng th  of 24 inches and w a s  of approxi- 
mately 10 inches  in  d i ame te r .  Two w a l l  th icknesses  were used,  namely 
h Z .1 i n c h  ( r e f e r r e d  t o  as the  ' ' t h in"  she l l )  
and 
h . 2 5   i n c h   ( r e f e r r e d   t o  as t h e   " t h i c k "   s h e l l )  
The wa l l  t h i ckness  and the  in s ide  d i ame te r  of  t h e  t h i n  s h e l l  w e r e  
careful ly   measured a t  several   locat ions  around  the  c i rcumference.   These 
measurements are summarized i n  Table I. 
Geometry of Thin-Walled Cylinder 
Average wall  th ickness ,  h = 0.1060 inches 
Maximum d e v i a t i o n  i n  wall  Ah = 0.0053 inches 
th ickness ,  
P e r  c e n t   d e v i a t i o n   i  wall - = 5% Ah h 
Di 
thickness  , 
Average inside diameter,  
M a x i m u m  v a r i a t i o n   i n  
= 9.807 inches 
diameter AD = 0.080  inches
P e r  c e n t  v a r i a t i o n  i n  
diameter 
Average radius  to  the mid- 
s u r f a c e  
- = 0.82% AD 
D, I 
Di h 
2 2  
R = - + - = 4.957 i n  
Rad ius / th i ckness   r a t io  R/h = 46.8 
The s h e l l  specimen w a s  supported by a heavy s teel  ring which was 
p r e s s e d  i n t o  t h e  l e f t  end  of  the  she l l ,  (A photograph  of  the  thin 
shel l   specimen is  g i v e n  i n  F i g u r e  5). The steel  end   r ings  were used 
to  s imula t e  a clamped boundary condition (w = 0 ,  = 0, u = 0) a t  
the  ends  of t h e  s h e l l ,  For some tests, the  r igh t -hand r ing  was 
a w  
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(b) Schematic Diagram 
Figure 5: Aluminum Shell Specimen 
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I 
removed to  p rov ide  a s t ress-free boundary.  The impulsive load w a s  
appl ied  midway a long  the  l eng th  of t h e  s h e l l  ( s e e  F i g u r e  2 ) .  A 
discuss ion  of t he  app l i ed  load  i s  given in  the  sec t ion  wh ich  fo l lows .  
The Applied Loading - The l o a d  a p p l i e d  t o  t h e  s h e l l  was s u b j e c t  
t o  the  fo l lowing  des ign  cons t ra in ts :  
(1) The load  had  to  be  r epea tab le ,  so  t h a t  t h e  same forc ing  
func t ion  could  be  appl ied  several times. 
(2) The t iming  had  to  be  precise ( i . e . ,  t o  w i t h i n  a micro-second) 
so  t h a t  t h e  laser f i r ing  cou ld  be  p rope r ly  con t ro l l ed .  
(3 )  The load  had  to  be  concen t r a t ed  in  space and of  short  durat ion 
i n  time. 
( 4 )  The load  should  excite  axi-symmetric waves, for  comparison  with 
ava i l ab le  ana lyses .  
The method s e l e c t e d  t o  meet these cr i ter ia  involved using a 
r e p e l l i n g  wire technique, which is  d e s c r i b e d  i n  d e t a i l  i n  Appendix A. 
The technique relies on t h e  f a c t  t h a t  two p a r a l l e l  wires which 
car ry  cur ren t  exer t  an  e lec t romagnet ic  force  on each  other .  By sending 
a l a rge  su rge  o f  cu r ren t  t h rough  two concent r ic  l o o p s  of wire, the  
o u t e r  wire was dr iven  rad ia l ly  outward  to  exer t  a fo rce  pu l se  on the  
i n s i d e  o f  t h e  c y l i n d r i c a l  s h e l l .  
The f o r c e  on the  she l l  can  be  descr ibed  (approximate ly)  by  a 
band o f  p r e s s u r e  t h a t  is 
o uniform i n  t h e  axial d i r ec t ion  (x )  w i th  a length of - inch 
o nearly uniform around the circumference ( 0 )  , 
o of s h o r t  d u r a t i o n  i n  t i m e ,  on the  order  of  10 psec 
Mathematically,  the band of pressure p(x,  0 ,  t) is  approximated by 
I 
4 
w i t h i n  t h e  domain 
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and  zero  elsewhere. The va lue   o f   the   cons tan t  E is 1/8 of an inch ,  
and t h e   l o a d   d u r a t i o n  T is approximately  10 ps. Amore   de t a i l ed  
d iscuss ion  of the  appl ied  loading  is given in Appendix A. 
Optical Arrangement cor Recording Holograms - The opt ica l  a r range-  
ment (shown schemat i ca l ly  in  F igu re  6 )  was used to  record the double-  
exposure  holograms. The actual  equipment  used in  the experiments  is  
shown i n   F i g u r e  7 .  The equipment  and op t i ca l   s e t -up  are s tandard  
for   pu lsed- laser  ho1oe;raphy (e.g. ,  see Ref. 7 ) .  
Timing  of t h e  Laser Pulse(s )  - The holograms were made by f i r s t  
f i r i n g  t h e  laser t o  r e c o r d  t h e  s ta t ic ,  underformed posi t ion of  the 
s h e l l  a n d  t h e n  f i r i n g  t h e  laser a second t i m e  t o  record  the  wave 
propagat ion  event-  The i n i t i a l ,  f i r s t  p u l s e  o f  t h e  laser ( f i r s t  e x p o s u r e )  
Dresented no problems  and w a s  readi ly  accomplished.  The second laser 
pulse (second exposure) had to be svnchronized with respect to the 
load ing  o f  t he  she l l .  The timing w a s  accompl ished   e lec t ronica l ly ,   us ing  
well-established techniques (Refs.  7 , 8). 
An induct ive loop near  the capaci tor  bank provided the t iming 
s i g n a l  t o  mark the beginning of  the repel l ing-wire  loading pulse .  This  
t iming  s igna l  w a s  used as the  inpu t  t o  the  ad jus t ab le  t ime-de lay  c i r cu i t  
of   an  osci l loscope.  The o u t p u t  s i g n a l  from the  osc i l loscope  w a s  used  to 
c o n t r o l  t h e  l a s e r  p u l s e ,  by  means of the Pockels  ce l l  w i t h i n  t h e  l a s e r  
cav i ty .  Th i s  a r r angemen t  a l lowed  the  expe r imen te r  t o  in i t i a t e  t he  waves 
i n  t h e  s h e l l  (by f i r i n g  t h e  r e p e l l i n g - w i r e  c i r c u i t )  a n d  t h e n  t o  r e c o r d  
the deformation a t  a des i red  t i m e  la ter  ( i .e . , .  a t  t i m e  t = 5 ps, 10 us, 
50 us,  etc.)  by m e a n s  of  the laser p u l s e .  The s e p a r a t i o n  i n  time was 
obta ined  by  ad jus t ing  a potent iometer  on the  osc i l loscope .  S ince  the  
pot  se t t ings  provide  only  a nominal estimate of the t ime-delay,  the 
t iming  s igna l  ( f rom the  repe l l ing-wire  c i rcu i t )  and  the  l igh t  pu lse  
(which was sensed by a fas t  photodiode)  were recorded simultaneously 
on an  oscil loscope  trace.   This  trace  provided  an  accurate  measurement 
o f  the t iming.  
Test Procedure - Once the experiment was arranged and t h e  e l e c t r o n i c  
t iming  es tab l i shed ,  the  test  procedure was s t ra ight forward ,  as fol lows:  
The hologram w a s  p l a c e d  i n  p o s i t i o n  and t h e  laser f i r e d  t o  
g i v e  t h e  f i r s t  e x p o s u r e .  
The c a p a c i t o r s  f o r  t h e  r e p e l l i n g - w i r e  c i r c u i t  were charged 
to  the  des i r ed  vo l t age .  
The osci l loscope t ime-delay w a s  set t o  t h e  d e s i r e d  v a l u e  
(e.g., 50 us) 
The r epe l l i ng -wi re  c i r cu i t  was f i r e d ,  which i n i t i a t e d  t h e  
timing sequence and r e su l t ed  in  the  second  exposure  o f  t he  
hologram. 
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Figure 6:  Schematic  diagram  of  the  hol-ographic  set-up 
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Figure 7: Experimental Set-up and  Optical  Arrangement 
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Typica l  ho lograms and  resu l t s  ob ta ined  in  th i s  fash ion  are 
discussed in  the pages which fol low.  
Typ ica l  Resu l t s  fo r  t he  Thin-Walled Cylinder 
Demonstration of Repea tab i l i t y  - Holograms were recorded a t  seve ra l  
different  t ime-delays,  which showed t h e  waves a t  var ious  d is tances  a long  
t h e  s h e l l .  To r eco rd  the  waves a t  times t = 5ps, 10 ps, etc. requi red  a 
separa te  exper iment  for  each  time. That is, t h e  s h e l l  w a s  loaded once and 
a hologram recorded a t  t = 5 ps; t h e n  t h e  s h e l l  was loaded again and 
another hologram made at t = 10 ps, and so f o r t h .  
For purposes of unders tanding  the  wave propagat ion phenomena, it is 
d e s i r a b l e  t o  relate t h e  r e s u l t s  o b t a i n e d  f r o m  several experiments  (a t  
i nd iv idua l  times t . , where i = 1,2 ,3 , .  . .N) t o  a s ingle   exper iment   ( in   which  
d a t a  is obtained a% var ious  times ti). 
I n  p a r t i c u l a r ,  t h e  a s s u m p t i o n  is made that  the holograms obtained 
f rom severa l  separate experiments are equ iva len t  t o  making severa l  ho lo-  
grams i n  r a p i d  s u c c e s s i o n  on a s ingle  experiment .  This  assumption is 
ak in  to  the  "e rgod ic  hypo thes i s ' '  i n  random process theory (See Ref.  18, 
f o r  example) i n  which  s t a t i s t i c s  ob ta ined  f rom a s i n g l e  r e c o r d  ( i n  time) 
are r e l a t e d  t o  s e v e r a l  similar records ( the ensemble) .  
I f  t he  expe r imen t  is completely determinis t ic ,  and contains  no 
random behavior, then holograms obtained from separate tests bu t  a t  t h e  
same time-delay (say t = 50 u s )  will shot7 i d e n t i c a l  f r i n g e  p a t t e r n s .  Such 
behavior  is i n d i c a t e d  i n  F i g u r e  8, which shows t h e  r e s u l t s  of t h r e e  
tests, a l l  r u n  f o r  t h e  same loading  input  and  the  same time-delay. The 
f a c t   t h a t   t h e s e   f r i n g e   p a t t e r n s   ( F i g u r e   8 )  are v i r t u a l l y  i d e n t i c a l  
demons t r a t e s  t he  r epea tab i l i t y  o f  t he  expe r imen t  and  se rves  to  ju s t i fy  the  
equiva lence  assumpt ion  jus t  d i scussed .  
Determination of Radial Displacements from the Interferograms - 
Figures  9 through 11 show in te r fe rograms  ob ta ined  a t  t h e  times t = 5 us, 
10 us, and 20 ps a f t e r  i n i t i a t i o n  o f  t h e  i m p u l s e .  The corresponding 
curves of rad ia l  d i sp lacement  (w) versus  x ( the  d i s t ance  a long  the  she l l  
length,   measured  from  the  plane  of  loading) are g i v e n  i n  F i g u r e  1 2 .  I n  
order  to  unders tand  how t h e  d a t a  p o i n t s  i n  F i g u r e  1 2  were obtained from 
the photographs,  it is f i r s t  n e c e s s a r y  t o  d i s c u s s  t h e  e q u a t i o n s  r e l a t i n g  
the  she l l  d i sp l acemen t s  and t h e  i n t e r f e r e n c e  f r i n g e s .  
The general  re la t ionship between a d i sp lacemen t  f i e ld  and the  cor re-  
sponding  holographic  f r inge  pa t te rn  has  been  examined by seve ra l  au tho r s  
(e.g.,  Refs. 5 and  19 ). In   par t icu lar ,   Reference   19  shows t h a t   t h e  
reconstructed image of a hologram exposed twice t o  a body which has 
deformed between exposures w i l l  e x h i b i t  d a r k  f r i n g e s  o n  p a r t s  of t h e  body 
Wherever the  cond i t ion  
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Figure 8(a) :  Interferogram Showing t7aves a t  5 = 50.5 psec 
(Shot Number 2) 
Figure 8(b) : Interferogram Showing Waves a t  t = 50 psec 
(Shot Number 3) 
Figure  8(c) : In te r fe rogram Showing  tJaves a t  t = 50 psec 
(Shot Number 8) 
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Figure  9: Interferogram Showing Waves i n  Thin  Shel l s  a t  t = 5 psec 
Figure 10:  Interferogram Showing Waves in T h i n  S h e l l  a t  t = 10 psec 
F igu re  11: Interferogram Showing Waves i n  Thin  Shel l  a t  t = 20 wec 
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(3-11) 
i s  sa t i s f i ed ;  where  
+ 
6 = the  d isp lacement  vec tor  
X = wavelength of the  l i gh t  f rom the  laser used to  
make and r econs t ruc t  t he  ho lograph ic  images 
3 n = u n i t  v e c t o r  i n  t h e  d i r e c t i o n  from t h e  o b j e c t  
t o  t h e  i l l u m i n a t i n g  s o u r c e  
3 n = u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of view, from t h e  
object  through the hologram to the observer  
n = i n t e g e r ,  t h e  f r i n g e  o r d e r ,  51, 5 2 ,  5 3 ,  etc. 
The term 6 -  (ni + nv) is i l l u s t r a t ed  by  the  vec to r  d i ag ram shown i n  
Figure 13.  The term (ni + nv) is a vec to r  sum, and it is represented 
by a v e c t o r  xqhich lies i n  t h e  p l a n e  c o n t a i n i n g  n  and nv and b i s e c t s  
the angle  between them. The magnitude of t h i s  v e c t o r  sum is 2 COS i(gi ,  nv) , 
where hi, nv) is the angle  which is bisec ted .  F ina l ly ,  the  dot  product  
+ 3 3  
6 (n. + n ) is t h e  p r o j e c t i o n  of the displacement  vector  6 i n  t h e  
d i r e c t i o n  of (ni + n ) , as shotm i n  F i g u r e  1 3 .  
wave propagation problems is i l l u s t r a t e d  in Figure  14 .  R e f e r r i n g  t o  
F igure  14  , the s t r u c t u r e  of i n t e r e s t  ( i n  o u r  case, t h e  c i r c u l a r  s h e l l )  l ies  
with its axis in t he   ho r i zon ta l   p l ane .  The ang le  8 is measured p o s i t i v e  
clockwise from the horizontal  plane as shown i n  F i g u r e  1 4 .  A genera l  
displacement,  6 , of t h e  s h e l l  s u r f a c e  is represented  by 
+ 3  + 
+ 3  
+ -t 
i 
3 
+ +  
-f 
v +  + 
V 
A p a r t i c u l a r  c a s e  of Equation (3-11) wh ich  o f t en  occur s  in  t r ansve r se  
+ 
-+ + 3 
6 = u e  + v e  + w e  3 x e r 
3 3  -f 
where e ee , and e rep resen t  unit base   vec to r s  , and  u, v, ‘(J are t h e  
cor responding  d isp lacements ,  in  the  (x, 8 , r) d i r ec t ions ,  r e spec t ive ly .  
The i l l umina t ion  and viewing vectors are g iven  ( in  Car tes ian  co-ord ina tes )  
bY 
X’ r 
3 3 -+ 
n = n  e + n  i ix  x i y  “y 
3 
n v = n  e + n  
3 3 
x v y e y  
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Figure  13:  Vector  diagram showing the  i l lumina t ing  and  viewing d i r ec t ions ,  
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where ex is t h e  same u n i t  v e c t o r  ( a l o n g  t h e  a x i s  of t h e  s h e l l )  and 
e is a u n i t   v e c t o r  i n  the (hor izonta l )  x-y plane.  The r e l a t i o n s h i p  
between e and e e i s  
-+ 
+ 
Y -+ - + 3  
Y r’ e 
+ -+ + 
e = e cos 8 - e s i n  8 
Y r  0 
Forming the   do t   p roduct  6 . @ii + s v )  g i v e s  -+ 
+ - +  +- 
6 (ni + nJ = u(nix + nvx> 
+ w cos  e(n + n ) 
i Y  VY 
A t  t h i s  p o i n t ,  i t  i s  convenient  to  introduce two engineer ing  
approximations: 
( i )  For   t ransverse  wave propagat i .on,   involving  pr imari ly  
f lexura l  mot ions  , ca lcu la t ions  ( a s  w e l l  as previous 
experiments) show tha t  t he  r ad ia l  de fo rma t ion  i s  
predominant : 
That is, 
( i i )  I n  s e t t i n g  up the holographic  experiment ,  i t  i s  o f t e n  
poss ib l e  to  loca t e  the -+ i l lumiza t ion  and viewing points 
such  tha t  t he  vec to r s  n  and  n a re  nea r ly  pe rpend icu la r  
i V 
t o  the  x-axis:   That is 
n < < n  
n << n 
i x  i y  
vx vy 
t h e  v e c t o r s  ni and nv are near ly  parallel  t o  e . -+ -+ + 
Y 
(3-12) 
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Under these  condi t ions ,  Equat ion  (3-12) is well-approximated by 
o r  
+ - +  -+ 
6 (ni + nv) 2 w cos e 
Since  the  components n and n are approximately  unity.   Thus,  w e  
have (from Equations 3-11  and  3-12) 
i Y  VY 
+ +  + 
6 (ni + nv) = (2n +, l)X 2 
o r  
w =  - (2n f l)X 4 cos e 
= 2 w cos e 
The most d i r ec t  approach t o  r e d u c i n g  t h e  h o l o g r a p h i c  f r i n g e  d a t a  is t o  
apply Equation (3-13) a l o n g  t h e  h o r i z o n t a l  p l a n e  ( i . e .  , c e n t e r l i n e )  
t h rough   t he   she l l  (where 0 = 0 ) .  Then Equation  (3-13)  gives 
w =  - (2n f l ) X  4 
(3-13) 
(3-14) 
f o r  t h e  r a d i a l  d e f l e c t i o n ,  w. 
I n  o rde r  t o  app ly  the  p reced ing  equa t ions  and  ob ta in  quan t i t a t ive  
da ta ,  i t  is necessary  to  de te rmine  the  f r inge  order ,  n ,  cor responding  to  
each   f r inge   seen   in   the   recons t ruc ted   in te r fe rograms  (F igures  8 through 
11) .  The assignment of f r i n g e   o r d e r   r e q u i r e s  some engineering  judgment 
and was inf luenced by the  fo l lowing  cons idera t ions :  
( a )  In  r e sponse  to  the  app l i ed  load ing  (which a c t s  r a d i a l l y  o u t w a r d )  t h e  
p o r t i o n  o f  t h e  s h e l l  d i r e c t l y  o v e r  t h e  l o a d  w i l l  i n i t i a l l y  move outward, 
i n  t h e  radial d i r e c t i o n .  It i s  expec ted   tha t   the  maximum r a d i a l  d e f l e c -  
t i o n  w i l l  occur a t  the plane of  loading a t  l e a s t  f o r  t h e  f i r s t  few 
holograms  (which  record  the i n i t i a l  r e s p o n s e ) .  
(b) Ahead of t he  wavef ron t ,  where  no  f r inges  appea r ,  t he  de f l ec t ion  o f  
t h e  s h e l l  is known to be "zero",  which provides a r e f e r e n c e  level. (More 
p rec i se ly ,  t he  absence  of a f r inge  in  the  "undis turbed"  reg ion  ahead  of  
t h e  wave i n d i c a t e s  t h a t  t h e  d e f l e c t i o n  t h e r e  is less than one-quarter of 
a wavelength  of  the  laser  l igh t . )  
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(c )  From previous experience with wave propagat ion phenomena (e.g. ,  waves 
i n  beams, p l a t e s ,  e t c . ) ,  it is e x p e c t e d  t h a t  t h e  d e f l e c t i o n s  w i l l  descr ibe  
a series of  r ipples  or  undulat ions which are a l t e r n a t e l y  up and down. That 
is, t h e  s h e l l  s u r f a c e  w i l l  b e  a series o f  h i l l s  and  va l leys  (as  a func t ion  
of t he  long i tud ina l  coord ina te ,  x )  much l i k e  a damped s i n e  wave. 
A s  an example of  the data  reduct ion process ,  consider  Figure 10,  
( t  = 10 ps). S t a r t i n g  a t  t h e  c e n t e r  of t h e  f r i n g e  p a t t e r n  ( i .e. ,  a t  x = 0) 
and proceeding toward the r ight  half  of  the photo,  the interference 
f r i n g e s  i n d i c a t e  a c e n t r a l  " h i l l "  a n d  t h e n  a s l o p e  downward t o  t h e  r i g h t .  
(The i n t e r f e r e n c e  f r i n g e s  may be regarded as contour  l ines  on  a topographic 
map. The c lose ly-spaced  f r inges  for  x > 0 i n d i c a t e  t h a t  t h e  d e f l e c t i o n  
s u r f a c e  s l o p e s  downward t o  t h e  r i g h t  i n  tha t  r eg ion . )  Con t inu ing  to  the  
r igh t ,  t he  pho tograph  shows a wide white area followed by a heavy, dark 
f r inge .  C lose  examina t ion  o f  t he  da rk  f r inge  (on  the  r igh t )  shows t h a t  
i t  merges  wi th  the  ad jacent  f r inge  (on  the  le f t )  near  the  top  and  bot tom 
of t h e  s h e l l  ( i . e . ,  n e a r  8 = 2 90"). The merging of  adjacent  f r inges a t  
the  ex t remes  of  the  she l l  i s  due to  the  "cos8  e f f ec t "  desc r ibed  mathe- 
ma t i ca l ly   i n   equa t io r l  ( 3-13). 
The f a c t  t h a t  t h e  two f r inges  co inc ide  nea r  8 = 90" i n d i c a t e s  t h a t  
t hese  f r inges  have  the  same f r inge  o rde r ,  n .  The wide  spacing  between 
t h e  two f r i n g e s  a t  8 = 0 sugges t s  t ha t  t hey  r ep resen t  oppos i t e  sides of 
a "va l l ey"  in  the  de f l ec t ion  cu rve .  To t h e  r i g h t  of t h i s  v a l l e y ,  n o  
a d d i t i o n a l  f r i n g e s  are ev ident ,  which i n d i c a t e s  a lack of  deformation in  
t h i s  r e g i o n .  I f  w e  now re t r ace  ou r  s t eps  and  move from r i g h t  t o  l e f t  
a c r o s s  t h e  f r i n g e  p a t t e r n ,  w= conclude that  the heavy dark fr inge (on 
t h e  r i g h t )  h a s  a f r inge  o rde r  n = -1, which corresponds to a r a d i a l  d i s -  
placement w = - A / 4  (inward) a t  tha t  po in t  on  the  she l l .  P roceed ing  to  
t h e  l e f t  ( a c r o s s  t h e  v a l l e y )  w e  come t o  t h e  ''companion" f r i n g e ,  which 
a l so  has  order  n = -1 and def lec t ion  w = -A/4 (inward).  Continuing to 
t h e  l e f t ,  t h e  f r i n g e  o r d e r  i n c r e a s e s  m o n o t o n i c a l l y  ( n  = 1 , 2 , 3 ,  ... e t c . )  
a s  w e  c l i m b  t h e  h i l l  i n  t h e  d e f l e c t i o n  s u r f a c e  up t o  t h e  c r e s t .  
Having thus  iden t i f i ed  the  f r inge  o rde r ,  t he  r ad ia l  d i sp l acemen t  
can be computed a t  each  f r inge  loca t ion  us ing  equat ion(3-14) .  In  order  
t o  p l o t  t h e  d i s p l a c e m e n t  ( a s  a func t ion  of  x) t h e  l o c a t i o n  of each  f r inge  
was determined by mechanical measurement on the photograph using a 
t ravel ing  microscope.  The curves  of  rad ia l  d i sp lacement  vs  pos i t ion  
shown i n  F i g u r e  1 2  were o b t a i n e d  i n  t h i s  f a s h i o n .  
Non-Symmetric Behavior 
I n i t i a l  Response - From a q u a l i t a t i v e  s t a n d p o i n t ,  t h e  i n t e r f e r o g r a m s  
shown in  F igu res  9 through 11 e x h i b i t  two major trends: 
( i )  A t  t h e  f r o n t  of t h e  wave, t h e  i n t e r f e r e n c e  f r i n g e s  show o n l y  s l i g h t  
v a r i a t i o n  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n .  S l i g h t  v a r i a t i o n s  w i t h  8 are 
indica ted  by  the  "cos8  e f fec t"  in  equat ion(3-13)  and  ind ica te  tha t  the  
she l l  deformat ion  is  ve ry  nea r ly  ax i symmet r i c  i n  the  v i c in i ty  o f  t he  wave- 
f r o n t .  
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( i i )  A t  t h e  l o a d i n g  p l a n e  ( i . e . ,  x = 0) s i g n i f i c a n t  c i r c u m f e r e n t i a l  varia- 
t i o n  is ind ica t ed  by  the  c losed  e l l i p t i ca l  f r inge  con tour s .  Th i s  non- 
symmetric response i s  evident even a t  t h e  v e r y  e a r l y  times (e.g. , t = 5 u s ) ,  
i nc lud ing  the  times when the  loading  occurs  (0 f t 5 10 u s ) .  
S ince  the  app l i ed  load  (due  to  the  r epe l l i ng  wi re )  d id  no t  ex tend  fu l ly  
around the circumference,  i t  was expected that non-symmetric behavior would 
eventual ly  occur .  However, t h e  "gap" in  the  loading  would  cause  waves t o  
propagate  c i rcumferent ia l ly  and  they  are r e q u i r e d  t o  travel h a l f  way around 
t h e  s h e l l  t o  r e a c h  t h e  f r o n t  s i d e  ( a t  0 = 0) .  The t r a v e l  time of these  
circumferential  waves i s  given approximately by 
t = - -  ITR I T ( ~  i n  ) 
1 c  .2  in lps  
- 
P 
The f a c t  t h a t  non-symmetric behavior occurs 
75 usec 
much sooner  than this  (e .  g .  , 
a t  t = 10 ps) po in t s  ou t  t ha t  t he  app l i ed  load ing  mus t  con ta in  s l i gh t  l oca l  
non-un i fo rmi t i e s  ( in  add i t ion  to  the  "gap" r e g i o n  j u s t  d i s c u s s e d ) .  
Additional Results and a Computed F r inge  Pa t t e rn  - A d d i t i o n a l  r e s u l t s  
wh ich  exh ib i t  s ign i f i can t  non-symmetric behavior are the  in te r fe rograms 
shown i n  F i g u r e s  15  and 16. Refe r r ing  to  F igu re  1 5 ,  (which was recorded a t  
time t = 75 us) the  appearance  of  the  c losed ,  near ly-c i rcu lar  f r inges  and  
the i r  repea ted  na ture  (a round the  c i rcumference)  sugges t  a r ad ia l  de f l ec -  
t ion  on  the  form 
w(x,0) = Aofo(x) + \fk(x)  cos 0 (3-15) 
Equation(3-15) represents an axisymmetric response combined wi th  a non- 
symmetric mode. The v a l u e  of the harmonic k and  the  r e l a t ive  ampl i tudes  
% and A a r e  of i n t e r e s t .  A s  a rough estimate, t h e  f u n c t i o n a l  form 
0 
was used to  approximate the response near  the loading plane (x = 0 ) .  
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(3-17) 
Figure 15: Interferogram Showing Waves i n  t h e  T h i n  S h e l l  a t  
t = 75 psec. (Note: Non-symmetric response,  
which involves cos k 8 )  
where 8 i s  the   c i rcumferent ia l   coord ina te .  Combining equat ions (3-16)  and 
(3-17) g i v e s  
A [l + r coske] COF = ~ I T X  (2n-1) X 
0 L 4 case (3-18) 
where r = %/Ao i s  t h e  r a t i o  of amplitudes.  
Equation(3-18) w a s  so lved  numer ica l ly  to  g ive  the  f r inge  contours  
x = x(8)  for  var ious  va lues  of  n ,  the  f r inge  order .  The r e s u l t s  are shown 
i n  F i g u r e  1 7 ,  where x/L is  p l o t t e d  v e r t i c a l l y  ( f o r  t h e  r a n g e  0 x/L 5 1/4)  
and 8 is t h e  a b s c i s s a  (0 5 8 2 n/2).  The contour  l ines  of  F igure  1 7  
vary from n = 1 (the  outermost  contour)  to  n = 10 ( a  s i n g l e  p o i n t  a t  
x = 0, 0 = 0) .  Figure 17 w a s  c a l c u l a t e d  f o r  k = 12, A = i2 (h /4)  , and 
h i ,  7(X/4) and was meant to  cor respond wi th  the  in tegf  e rogram of Figure 15. t h e  closed, c i r cu la r  con tour s  of t h i s  i n t e r f e rog ram sugges t  t he  
presence of cos(128) i m  t h e  s h e l l  r e s p o n s e .  
Displacement Curves - Figure 1 6  (recorded a t  t = 99 us) shows non- 
symmetric behavior, which is also thought to involve cos (128).  The s h e l l  
response a t  t h e s e  later times is  clearly two-dimensional,  involving varia- 
t i ons   i n   bo th   t he   l ong i tud ina l   (x )   and   c i r cumfe ren t i a l  ( 8 )  d i r e c t i o n s .  A 
complete  descr ipt ion of  the experimental  data  would invo lve  long i tud ina l  
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I 
Figure 16: Interferogram  showing  waves in the  thin 
shell at t = 99 psec.  (Note: non-symmetric 
response,  which  involves cos k 8 .> 
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z(SHELL AXIS) 
(CIRCUMFERENCE) 
Figure 17: Computer-Generated Fringe  Pattern 
(See Equation 3-18) 
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t raverses  ( l lcu ts l l  a t  cons tan t  8) as well as c i r c u m f e r e n t i a l  ( c u t s  a t  
constant  x) .  This  detai led descr ipt ion of  non-symmetr ic  responses  is a 
formidable  task  in  da ta  reduct ion  and  was not  at tempted.  Representative 
p lo t s  o f  t he  r ad ia l  d i sp l acemen t  vs .  x are shown i n  F i g u r e s  18 and 1 9 ,  
which were ob ta ined  by  in t e rp re t ing  the  f r inges  a long  the  cen te r l ine  
( e  = 0). The experimental  data  shown i n  t h e s e  f i g u r e s  is t y p i c a l  of 
f l e x u r a l  waves propagat ing along the shel l  in  the x-direct ion.  (See Appendix B.) 
The reader  w i l l  n o t e  t h a t  t h e  d a t a  p o i n t s  ( s e e  F i g u r e  18) g i v e  a 
good d e f i n i t i o n  o f  t h e  s h e l l  b e h a v i o r  n e a r  x = 0,  where several f r i n g e s  
occur  within one s t ructural  wavelength of  the deformation.  Near t h e  f r o n t  
of t h e  wave, however, t h e  wave amplitude is  reduced,  and only one or  two 
f r inges  occur  to  cha rac t e r i ze  the  de fo rma t ion .  Thus, f o r  t h e s e  later 
times, t h e  o s c i l l a t i o n s  n e a r  t h e  f r o n t  o f  t h e  wave a re  no t  we l l -de f ined  
by the  exper imenta l  da ta .  This  lack  of d e f i n i t i o n  a t  the wavefront can 
b e  overcome  by inc reas ing  the  impu l se  t o  t h e  s h e l l ,  i.e., causing an 
i n c r e a s e  i n  t h e  s t r u c t u r a l  r e s p o n s e .  I n c r e a s i n g  the shell response will 
lead  to  o ther  problems,  however, such a s  very  h igh  fringe d e n s i t y  and 
poss ib l e  l ack  o f  r e so lu t ion  near t h e  p l a n e  of t he  load ing ,  (x = 0 ) .  The 
r e p e l l i n g  wire loading device w a s  designed using prel iminary estimates 
f o r  t h e  s h e l l  b e h a v i o r ,  and consequently it was m f ~  capable of praducing 
large-ampli tude response near  the wavefront .  
Dynamic S t a b i l i t y  o f  t h e  Axi-symmetric Response - Despi te  a t tempts  
to  produce a nearly axisymmetr ic  response of t h e  shell, the experimental  
results show t h a t   t h e   i n i t i a l  axisymmetric b e h a r t o r  fs followed b,y waves 
propagating  in  non-symmetric modes ( i . e . ,  cosk8) .  The f a c t  t h a t  one  of 
t h e s e  circumferential harmonics  predominates  sugges ts  tha t  the  axisymmetric 
response may be dynamically unstable.  In other words,  an axisymmetric 
response may ( through non-l inear  coupl ing terms)  exci te  non-symmetric waves 
i n  the s h e l l .  In t h i s  case, smal non-symmetric  perturbations w i l l  i n i t i a l l y  
inc rease  wi th  t i m e ,  as they extract  energy from the symmetrcc response. 
S t ruc tu ra l  behav io r  o f  t h i s  t ype  (where  a symmetric response becomes: 
uns tab le  and  excites cos ne modes) is well-documented i n  m y  p m b l m s  
i n v o l v i n g  s h e l l s  (see Ref .  20 , f o r  example). A simple examplie sf dynanic 
i n s t a b i l i t y  o'f t h i s  t y p e  w a s  s tud ied  by  M m r  ( K e f .  23,  ~ 3 %  refe~mce 
t o  c i r c u l a r  rings. McIvor showed t h a t  a uniform ra&d h p d s e  excites 
the axisymmetric,  "ring d e , "  response  and  tha t  the symmetric response 
i n  t u r n  c a u s e s  c e r t a i n  f l e x u r a l m o d e s  ( i n v o l v i n g  cos ne) to particzpate 
i n  t h e  motion. S t a b i l i t y  s t u d i e s  s u c h  as Ref.21 involve using ncm-Enear 
equat ions for t h e  s h e l l ,  w h e r e a s  v i r t u a l l y  afP a n a l y s e s  to date for wave 
p r o p a g a t i o n   i n   s h e l l s  use linear theory  (e.&. Refs. 1 7 ,  22, and 2 3 ) .  
From a p r a c t i c a l  s t a n d p o i n t ,  the observa t ion  of s i g n i f i c a n t  non- 
symmetr ic  behavior  indicates  that  
(a) Calculations of axisymmetric wave propagation behavior i n  s h e l l s  are 
r a t h e r  i d e a l i z e d ,  
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Figure 18:  Radial  Displacement, w ,  vs. Axial   Pos i t ion ,  x (time, t = 75 psec) 
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Figure 19 : Radial  Displacement, w ,  vs . Axial  Pos i t ion ,  x (time, t = 99 Psec) 
(c )  Analy t ica l  s tud ies  concern ing  the  dynamic s tab i l i ty  of  an  ax isymmetr ic  
wave might be a f r u i t f u l  t o p i c  f o r  f u r t h e r  r e s e a r c h .  
Waves Reflect ing from the Ends of t h e  S h e l l  
Background - This  sec t ion  dea ls  wi th  the  propagat ion  of t r ansve r se  
waves toward the  ends  o f  t he  she l l ,  and the  subsequent  re f lec t ion  of 
the wave(s)  f rom the shel l  boundaries .  The c h a r a c t e r i s t i c s  of t h e  
r e f l e c t e d  wave depend upon the boundary conditions at the ends of t h e  
shel l .  Three different  boundary condi t ions were used, which will be  
r e f e r r e d   t o  as (i) "clamped", ( i i )  " f r e e "  , and (iii) "simply-supported." 
These generic terms c o r r e s p o n d  t o  t h r e e  d i s t i n c t ,  i d e a l i z e d  b o u n d a r y  
condi t ions  commonly a p p l i e d  i n  t h e o r e t i c a l  s t u d i e s  of shell dynamics. 
The problem of an axi-symmetric wave r e f l e c t i n g  from an axi-symmetric 
boundary is more readi ly  analyzed than wave re f lec t ions  which  have  a 
gene ra l ,  non-symmetric  character.  Thus, it was des i red  to  genera te  an  
axi-symmetric wave exper imenta l ly  for  compar isons  wi th  ana lys i s .  However , 
the  prev ious  test r e s u l t s  ( c . f . ,  F i g u r e  1 5 )  h a d  shotm that axi-symmetric 
behavior  occurred  pr imar i ly  near  the  f ront  of t h e  wave, followed by 
pronounced  non-symmetric  response. I n  o r d e r  t o  k e e p  t h e  r e f l e c t i o n s  
near  the boundary being s tudied.  
11 as axi-symmetric as poss ib l e , "  t he  load ing  dev ice  was moved t o  a l o c a t i o n  
This  re-adjustment  of  the plane of l oad  app l i ca t ion  had another 
b e n e f i c i a l   e f f e c t  , i n   t h a t   t h e   p r o p a g a t i n g  wave reached the boundary 
i n  a s h o r t e r  time. For  purposes of a n a l y s i s ,  i t  is more convenient 
to  have  the  loading  p lane  near  the  she l l  boundary ,  thereby  reducing  
t h e  t i m e  necessa ry  to  compute t h e  wave r e f l e c t i o n  (i.e., s h o r t e r  computer 
"run times" are r e q u i r e d ) .  D e s p i t e  t h i s  a t t empt  t o  f a c i l i t a t e  t h e  
a n a l y s i s ,  i t  vas n o t  p r a c t i c a l  t o  compute t h e  wave r e f l e c t i o n s .  The 
r e f l e c t i o n  d a t a  p r e s e n t e d  i n  t h e  n e x t  fet7 paragraphs is t y p i c a l  of 
t h e  e x p e r i m e n t a l  r e s u l t s  f o r  the three boundary condi t ions.  It is  
a n t i c i p a t e d  t h a t  t h i s  d a t a  may eventua l ly  be  compared wi th  ana lys i s  when 
f a s t e r  computer programs become a v a i l a b l e .  
Re f l ec t ion  from a Clamped Boundary - The i d e a l i z e d ,  "clamped" 
boundary (used i n  a n a l y s i s )  is spec i f i ed  by  the  cond i t ions  
u = 0 (zero axial displacement) 
v7 = 0 (ze ro   r ad ia l   d i sp l acemen t )  
and 
a 2  - 
a x  - 0 (zero  s lope)  
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which are appl ied  a t  
conditions of zero SI 
by  inse r t ing  a l a r g e  
(c. f .  , Figure  5). 
t h e  end  of t h e  s h e l l  t h a t  is "clamped". These 
.ope and displacement were simulated experimental ly  
steel r i n g   i n   t h e  end of t h e  aluminum s h e l l  
The steel r i n g  had a rec tangular  c ross -sec t ion  1 inch deep and 
2 inches wide,  whereas the aluminum s h e l l  wall was approximately .l 
inches thick.  The outer  diameter  of t h e  steel  r i n g  was a few thousandths 
of  an  inch  grea te r  than  the  ins ide  d iameter  of t h e  s h e l l ,  and t h e  r i n g  
was p res sed  in to  the  she l l  ( e .g . ,  a f o r c e  f i t )  t o  p r o v i d e  a wel l - res t ra ined  
boundary. 
The test  procedure used ~7as similar to  tha t  desc r ibed  p rev ious ly ,  bu t  
the  loading  device  was  l oca t ed  a t  a d i s t ance  of n ine  (9) inches from 
t h e  l e f t  edge of t h e  aluminum s h e l l .  The s teel  end r i n g  was i n s e r t e d  
approximately one (1)  inch into the end of t h e  s h e l l ,  w h i c h  r e s u l t e d  i n  
a d i s t ance  L = 8 inches from the plane of t he  load ing  to  the  "clamped" 
boundary. 
A typ ica l  i n t e r f e rog ram ( t aken  a t  time t = 90 psec) i s  shotm i n  
F igure  20.  The c o r r e s p o n d i n g   r a d i a l   d e f l e c t i o n   c u r v e   ( a l o n g   t h e   l i n e  
0 = 0) is shown i n   F i g u r e  21. Aluminum has  a shear  wave speed c .1 
inch/psec, and a t  a time t = 90 psec the  t ransverse  wavefront  has  
propagated from the loading plane,  to the "clamped''  boundary,  and i s  
s t a r t i ng  back  toward t h e  c e n t e r  of t h e  s h e l l .  S e v e r a l  a d d i t i o n a l  
interferograms, which show t h e  wave a t  var ious  o ther  times (before and 
a f t e r   r e f l e c t i o n )  are given in  Appendix C. 
S M  
Ref lec t ions  from a Free Edge - A series of in te r fe rograms were made 
t o  d e t e r m i n e  t h e  r e f l e c t i o n  of a t r ansve r se  wave from a f ree  edge .  The 
idea l ized  boundary  condi t ions  tha t  the  edge  be  "s t ress - f ree"  were w e l l -  
s a t i s f i e d  i n  t h e  e x p e r i m e n t s .  T h i n  s h e l l  t h e o r y  r e q u i r e s  t h a t  
M = O  (moment - f r e e )  
N = O  ( z e r o  a x i a l  s t r e s s )  
X 
X 
and 
% = O  ( sero   t ansverse   shear )  
which can be related to  the (more exact)  boundary conditions of 
e l a s t i c i t y  t h e o r y ,  namely t h a t  t h e  s u r f a c e  t r a c t i o n s  v a n i s h :  
V 
Ti - aij vj  .= 0 i = 1 ,2 ,3  
j = 1 , 2 , 3  
(see Ref.  24). The s h e l l  was can t i l eve red  from its l e f t  end,  and  the 
r i g h t  end was indeed  "s t ress - f ree"  in  the  exper iment .  
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Figure 20: Wave i n t e r a c t i n g   w i t h  a "clamped" boundary. (Steel r i n g  is 
a t  t h e  l e f t  o f  t h e  s h e l l .  Time t = 90 psec .> 
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F i g u r e  21: R a d i a l   D e f l e c t i o n ,  w ,  as a F u n c t i o n   o f   P o s i t i o n   a l o n g   t h e   S h e l l .  (Wave Ref l ec t ing   f rom a 
fixed  Boundary; see I n t e r f e r o g r a m  F i g u r e  20.) 
A typ ica l  i n t e r f e rog ram (showing t h e  wave r e f l e c t i n g  from a free 
edge)  taken a t  time t = 105 psec is g i v e n  i n  F i g u r e  22.  The corresponding 
d e f l e c t i o n  d a t a  (w vs x) i s  p l o t t e d  i n  F i g u r e  23.  The r a d i a l  l o a d  
was appl ied  a t  x = 2.5 i n c h e s ,  t o  t h e  r i g h t  of t h e  c e n t e r  of t h e  s h e l l .  
A t  time t = 105 psec, the transverse wavefront (which moves a t  
approximately c .1 inch/psec)  has  reached  the  edge of t h e  s h e l l  and 
i s  re f l ec t ing  back  toward  the  cen te r  of t h e  s h e l l .  
S 
Addi t iona l  i n t e r f e rog rams  ( fo r  t h i s  same free-edge boundary condition) 
are presented in  Appendix C and show the wavefront  a t  va r ious  times, 
ti 
Reflect ions from a Simply-Supported Boundary - Another edge condition 
which is commonly used i n  a n a l y s i s  is the simply-supported boundary: 
I$ = 0 (moment - f r e e )  
w = 0 ( ze ro   ad ia l   d i sp l acemen t )  
The accompanying in-plane boundary condition is e i t h e r  
u = o  
o r  
Nx = 0 
An at tempt  was made t o  
experimentally by machining 
(zero displacement) 
(zero axial force.) 
simulate the "simply-supported" boundary 
vee grooves around the circumference of 
t h e  s h e l l .  The grooves ( i .e .  , l l iotches")  produce a s i g n i f i c a n t  ( l o c a l )  
r e d u c t i o n  i n  t h e  f l e x u r a l  s t i f f n e s s ,  s i n c e  
(i) t h e  s h e l l  t h i c k n e s s  is reduced by a f a c t o r  of 5 o r  10 
a t  the groove 
and ( i i )  t h e  b e n d i n g  s t i f f n e s s  varies as t h e  t h i r d  power  of t h e  
wall th ickness ,  i.e., % h 3 
Enough material is l e f t  ( a t  t h e  b o t t o m  of the vee)  to  approximate the 
r e s t r a i n t s  
w M 0 
u w o  
p r e s c r i b e d  i n  t h e  a n a l y s i s .  T h i s  is a common technique of approximating 
simply-supported edges experimentally. 
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Figure 22 : Wave  interacting with a "free" edge (at the right). Time  t = 105 psec. 
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Figure 23: Radial  displacement, w,  as a function of axial position, x. Load  applied  at x 2.5 inches, 
free-edge at x 8.5 inches. (See interferogram, Figure 22.) 
The vee groove was s i t u a t e d  a t  t h e   l e f t  end ot t h e  s h e l l ,  c l o s e  
t o  t h e  steel end r ing .  A typ ica l  i n t e r t e rog ram (showing a wave r e f l e c t i n g  
from t h e  vee groove) at time t = 39 ps is g iven   i n   F igu re  24. The 
cor responding   def lec t ion   da ta  (w vs x) is p l o t t e d   i n   F i g u r e  25. 
The impulsive  load was appl ied  a t  a l o c a t i o n  4 i n c h e s  t o  t h e  r i g h t  
of the  vee  groove,  as i l l u s t r a t e d  i n  F i g u r e  25. Addit ional   interferograms 
( for  th i s  boundary  condi t ion)  are i n c l u d e d  i n  Appendix C. 
Comparison wi th  Computer Analysis 
One ob jec t ive  of the experimental  work was t o  p r o v i d e  d a t a  f o r  
comparison with computer analyses. The tests on the  " th in"  she l l  (h  = . lo6 
inch wall th ickness)  were co-ordinated with NASA/Langley €or comparison 
with an axi-symmetric, f in i te -d i f f   e rence   ana lys i s   (Reference   25) .  
Q u a n t i t a t i v e  d e t a i l s  of t h i s  comparison are presented  here in .  
Input  Data f o r  t h e  A n a l y s i s  - The computer program used the fol lowing 
input  da ta :  
Radius, a = 5.0 inches  
Thickness,  h = . lo6  inches 
Length, L = 12.0  inches  ( to ta l  l ength  be tween ends)  
Radius/Thickness   Rat io ,   a /h  = 47.1 
Length/Radius  Ratio,  L / a  = 2.4 
The applied Zoading w a s  modeled as a p res su re ,  p ( x ,   t )  as follows : 
f o r  0 5 t 5 T ( the   pu l se   du ra t ion )  
i n  a reg ion  1 /4  - of an inch wide,  centered a t  x = 6 inches. (That is, 
the  load  w a s  a uniform band of p re s su re ,  l oca t ed  mid-way between the 
ends  of t he  12  inch  long  she l l - )  The f a c t o r ,  p , i n  Equation (3-19) 
r e p r e s e n t s  t h e  mass dens i ty  of t h e  s h e l l  and the  cons tan t  k w a s  used 
as a s c a l i n g  f a c t o r  t o  a d j u s t  t h e  a m p l i t u d e  of the impulsive loading.  
Equation (3-19) is a polynomial  representat ion of t he  app l i ed  
pulse  t ime-his tory,  and it is q u i t e  similar t o  t h e  e x p r e s s i o n  
P(X, 8, t) = A s i n  2 c  T 
discussed previously (c . f  . Figure  3). 
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(3-19) 
I 
! 
I 
Figure 2 4 :  Wave interacting with a  simply-supported  boundary (vee groove) at  the left. 
(Time t = 39 psec.) 
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Figure 25: Radial  deflection, w, as  a  function  of  position, x. (Wave reflecting  from  a  simply- 
supported  boundary, t = 39 ;;set.) 
The pulse  dura t ion ,  T , used i n   t h e   a n a l y s i s  was T = 10 psec, which 
c lose ly  r ep resen t s  t he  expe r imen ta l  r e su l t ;  ( s ee  Appendix A) .  The 
material propert ies  used were nominal  values  for  aluminum, namely 
E = 10 x 10 l b / i n  (Young's Modulus) 6 
v = 0.3 
pg = 0.10 l b / i n  3 
(Poisson's Ratio) 
(Density by weight) 
The appl ied impulscve load,  p(x,e , t )  is  charac te r ized  by its " s p e c i f i c  
impulse," I which vas ca l cu la t ed  as follows: 
0 
T E  
(3-20) 
When Equation (3-19) i s  s u b s t i t u t e d  f o r  p(x, t) i n  Equation (3-20) and t h e  
i n t e g r a l  i s  eva lua ted ,  t he  r e su l t  is  
(3-21) 
where the (1/4) comes from i n t e g r a t i n g  on x from E = -1/8 t o  E = +1/8 
( i . e . ,  t he  wid th  of t he  app l i ed  load ) .  The product  (ph)  represents  the 
she l l  (mass /uni t  a rea)  , and t h e  f a c t o r  8 / 1 5  x 10-5 r e s u l t s  f r o m  i n t e g r a t i n g  
the polynomial from t = 0 t o  T = 10 sec. The cons tan t  k was chosen  to  be  
3.65 x lo6 ,  which yields  a va lue  
Io = 1.34 x lb-sec / in  (3-22) 
when used in Equation (3-21) a long with the nominal  values  of  h and p .  
Thus, t he  sca l ing  cons t an t  k was chosen such that  the analysis  used the 
same "impulse" as given by the pendulum measurements. (See Equation A-12, 
Appendix A. ) 
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Rat io  Between Experimental/Theoretical Responses 
With t h e  s c a l i n g  c o n s t a n t  k ad jus ted  i n  t h i s  f a s h i o n ,  t h e  r a t i o  
between experimental  and computed deflections was expec ted  to  be  1:l. 
However, the  computer  so lu t ions  were not iceably lower i n  magnitude than 
the  response  measured  exper imenta l ly .  This  resu l t  was d i s t u r b i n g ,  
expec ia l ly  in  viet7 of the  fac t  tha t  p rev ious  holographic  measurements  
of wave propagat ion ( i n  beams, Ref. 7, and  plates ,   Ref .  8) had shown 
e x c e l l e n t  c o r r e l a t i o n  w i t h  analysis. 
A t  t h i s  p o i n t ,  i t  was s u s p e c t e d  t h a t  t h e  pendulum ca l ib ra t ion  o f  t he  
s p e c i f i c  i m p u l s e  m i g h t  b e  i n  e r r o r  ( s e e  Appendix A). The  ca l cu la t ion  of 
the specif ic  impulse (using electromagnet ic  theory and the measured 
current, I(t) , i n  t h e  r e p e l l i n g - w i r e  d e v i c e )  r e s u l t e d  i n  
2.06 x ( I ~ ) ~ ~ ~ ~  - < 2.39 x (3-23) 
where  the  un i t s  are lb-sec / inch  and  the  inequal i ty  (3-23) depends on the 
limits of a n  i n t e g r a t i o n ,  d i s c u s s e d  i n  Appendix A. 
When t h e  v a l u e  
('0) calc = 2.39 x lb-sec/ in  
i s  used  to  "scale up" t h e  computer r e s u l t s ,  (by t h e  r a t i o  K = 39 = 1.8) 1.34 
f a i r l y  good agreement i s  achieved between theory and experiment, as 
i l l u s t r a t e d  i n  F i g u r e  26. 
Figure 26 shows t h e  computed r e s u l t s  (Ref. 25 ) and the holographic 
d a t a ,  f o r  times t = 5,  10,   and 20 psec. A s  shown i n  F i g u r e  26, q u a l i t a -  
t ive agreement between theory and experiment is q u i t e  good, and the data 
a g r e e  q u a n t i t a t i v e l y  as well, providing we scale the  theo ry  to  co r re spond  
wi th  the  impulse  Io = 2.39 x 10-4 lb - sec / in  g iven  in  Appendix A. 
Further  comparison between theory and experiment  ( for  the thin-wal led 
s h e l l )  was hampered  by two cons idera t ions :  
( i )  The computer  program was based  on axial symmetry,  whereas 
non-symmetric responses occurred (at  the later times) 
experimentally.  
( i i )  The  computer  program  involved  long  running times (e.g.  on 
t h e  o r d e r  of 30 minu tes  to  p ropaga te  the  wave f o r  t = 20 psec) 
and i t  was n o t  p r a c t i c a l  t o  compute the  r e sponse  a t  t h e  la ter  
times . 
Addit ional  comparisons between theory and experiment  (but  for  the 
thick-walled shel l )  are g i v e n  i n  S e c t i o n  4.0 which follows. 
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Figure  26:   Radial   def lect ion  a long t h e  shel l :   comparison of theory 
and  experinent.  (Thin aluminum shell, h = . lo6   inches . )  
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4.0 WAVE PROPAGATION  PAST CUT-OUTS 
AND STIFFENERS 
Background and Summary 
The problem of axi-symmetric wave propagation i n  a thin-walled 
s h e l l  o f  r evo lu t ion  r ep resen t s  a r a t h e r  i d e a l i z e d  s i t u a t i o n  from a 
p r a c t i c a l  s t a n d p o i n t .  This i s  t o  s a y ,  t h a t  many prac t ica l  p roblems 
( in  ac tua l  eng inee r ing  app l i ca t ions )  i nvo lve  she l l s  w i th  cu t -ou t s  , 
s t i f f e n e r s ,  e c c e n t r i c i t i e s ,  etc. tha t  depar t  f rom a mathematical model 
which  requires  qxial symmetry. Computer programs  for non-symmetric 
wave p r o p a g a t i o n  i n  s u c h  s h e l l s  are of f a i r ly  r ecen t  deve lopmen t  
(e .g . ,   Ref .   17) .  One o f   t h e   o b j e c t i v e s  of t he   p re sen t   expe r imen ta l  
s tudy  was to  provide  da ta  for  compar ison  wi th  such  ana lyses .  
Experimental  data  are g i v e n  i n  t h i s  s e c t i o n  f o r  t r a n s v e r s e  wave 
propagat ion past  square cut-outs ,  c i rcular  cut-outs ,  and an (axi-symmetr ic)  
r i n g  s t i f f e n e r .  Tests run  on  a th ick-wal led  she l l  (h  = .25 inches)  
were compared w i t h   a n a l y t i c a l   r e s u l t s   o f  R e f .  17 .   Qual i ta t ive   a rgeement  
between theory and experiment was obtained,  and t h e  q u a n t i t a t i v e  d i s -  
crepancies  are l a r g e l y  a t t r i b u t e d  t o  r o t a r y  i n e r t i a  and t r ansve r se  shea r  
e f f e c t s  n o t  i n c l u d e d  i n  t h e  a n a l y s i s .  
Other tests on  the  th in-wal led  she l l  (h  = . l o6  inches)  are a l s o  
p re sen ted  he re in ,  bu t  ana ly t i ca l  r e su l t s  fo r  t h i s  geomet ry  were n o t  
a v a i l a b l e .  The ' ' thin" wall th ickness  (h NN .1 inch)  r equ i r e s  a very  
" f ine"   f i n i t e -d i f f   e r ence  mesh i n   t h e   a n a l y s i s  , w h i c h   r e s u l t s   i n  "long'l 
computer  run times. A s  fas te r  computer  ana lyses  become a v a i l a b l e ,  
e f f o r t s  s h o u l d  b e  made t o  c o r r e l a t e  them wi th  the  present  exper imenta l  
da ta .  
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Tests on a Thick-Walled Cylinder 
Background - Concurrent with our experimental  work, NASA/Langley 
funded an ana ly t i ca l  s tudy  ( invo lv ing  a two-dimensional ,  f ini te-difference 
approach) for nonsymmetric wave p ropaga t ion  in  she l l s  (See  Ref. 17 ) .  It 
w a s  unders tood  tha t  TRW and Lockheed personnel would coord ina te  these  
programs and provide each other  with their  resul ts .  Discussions w e r e  he ld  
wi th  the  NASA Technical Monitor (Dr. J. P. Raney) and vith T. L. Geers 
(Lockheed, PdLo Alto) u n t i l  w e  agreed upon a shell configurat ion which w a s  
acceptab le  for both  the holographic  experiments  and the computer  calcula-  
t ions .  The p r e s e n t  s e c t i o n  d e a l s  w i t h  t h e  h o l o g r a p h i c  r e s u l t s  and their 
comparison d t h  analysis. 
Shell S p e c h e n  and T e s t  Procedure - The cylhdrical s h e l l  u s e d  i n  
these  tests w a s  alumbum t u b h g ,  and f t  had a nominal -11 th ickness  
h = .25 inches. The shell w a s  24 inches long and had an average inside 
diameter Di = 9,496. inches.  Thus,  the radius  t o  the mid-surface of the 
s h e l l  w a s  a = 4.87' (-inches) and t h e  r a d i u s / t h i c h e s s  r a t i o  was a /h  = 19.5. 
The s h e l l  was supported a t  t h e  ends. bly f l e x i b l e  aluminum discs  (1/16-in.  
thick) which w e r e  designed to  provide "freely-s.upported" boundary condi- 
t i o n s  ( s e e  Re€. 4) LI (A photograph of the  "thick-shell"  specimen is given 
i n  F i g u r e  27). 
Since the " thick shel l"  specimen w a s  two-and-one-half t imes as t h i c k  
as t h e  " t h i n  s h e l l f r  CSect5u.n 3.0), t h e  s t i f f n e s s  and mass were a l s o  2-1/2 
times la rger .   E lementary   response   ca lcu la t ions  show t h a t  t h e  r a d i a l  d i s -  
placememt for  our  problem is  inve r se ly  p ropor t iona l  t o  the  she l l  t h i ckness .  
Thus, i n  o rde r  t o  ma in th  an  adequa te  r e sponse  ( and  p roduce  su f f i c i en t  
f r i n g e s  on the interferogram) i t  w a s  d e s i r a b l e  t o  i n c r e a s e  t h e  impulse  
a p p l i e d  t o  t h e  sheU m d  thereby compensate for i t s  i n c r e a s e  i n  t h i c k n e s s .  
The repe l l ing-wire  loading  technique  (descr ibed  in  Sec t ion  3.0 and Appen- 
d i x  A )  was used, and the impulse was increased  by u s i n g  ( i )  a h igher  
chargimg voltage,  Qo = 25 U o v o l t s ,  and ( i i )  a smal le r  wire spacing,  
d = 0.27 inches,.  Using these va lues   in   equa t fons  (A-6) and (A") of 
Appendix A r e s u l t s  i n  a spec i f ic  impulse  of (approximately) 
Io = 6.0 x lb . s .ec . / in  (4-1 
appl ied  to the thick s h e l l .  
The c r p t f c a l  a r r a n g a e n t ,  timing of  the  laser pulse ,  and test proce- 
dure  w e r e  i d e n t i c a l  to that descr ibed  previous ly  i n  Sec t ion  3.0. mper iments  
were  performed first on the v i r g i n  s h e l l  ( w i t h o u t  c u t o u t s ) ,  and t hen  
rec tangular  cu t -outs  w e r e  machined i n  t h e  s h e l l  and the tests repeated. 
T y p i c a l  r e s u l t s  are discussed in the fol lowing paragraphs.  
Response Without Cut-Outs - Typical  holographic  interferograms of 
the  thick-walled cyl inder  are shown i n  F i g u r e s  28 through 30. Figure  28 
(recorded a t  t = 9 ps) i l l u s t r a t e s  t h e  axisymmetric n a t u r e  of t h e   i n i t i a l  
response. Slight nonsynrmetric behavior is e v i d e n t  i n  F i g u r e  29 (t = 15 ps) 
and Figure 30 (t = 38 ps). The corresponding curves of r ad ia l  d i sp l acemen t  
(w) vs axial p o s i t i o n  (x) are g i v e n  i n  F i g u r e  31. Addi t iona l  in te r fe rograms 
showing the  response  at o the r  times are presented in  Appendix D. 
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Figure 2 7 :  Thick-walled  shell  specimen (aluminum, 
a = 4.87 inches,  h = .25 inches). 
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Figure 28 : Wave propagation in   the   th ick-wal led   she l l .  ( h  = .25 inches).  
Time t = 9 psec. 
Figure 29: Wave p ropaga t ion   i n   t he   t h i ck -wa l l ed   she l l .   ( h  = .25 inches) .  
T i m e  t = 15 usec. 
Figure 30: Wave propagation in   the   th ick-wal led   she l l .  (h = .25 inches).  
Time t = 38 psec. 
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F i g u r e   3 1 :   R a d i a l   d e f l e c t i o n ,  w ,  v s . a x i a 1   p o s i t i o n ,  x. T h i c k - w a l l e d   s h e l l ,  h = .25 i n c h e s ,  
w i thou t   cu t -ou t s .  
The disp lacement  curves  jus t  d i scussed  (F igure  31) i l l u s t r a t e  a 
t echn ica l  d i f f i cu l ty  encoun te red  p rev ious ly :  Each s t ruc tura l  wavelength  
of  the deformation is defined by very few da ta  po in t s  ( i . e . ,  f r i nges ) .  
This problem could be overcome by i n c r e a s i n g  t h e  i m p u l s e  t o  t h e  s h e l l ,  
bu t  th i s  approach  was compl i ca t ed  by  the  f ac t  t ha t  t he  electrical  cir- 
c u i t r y  would not  permit  higher  vol tages  (as  i t  was, w e  operated w e l l  
above  the  ra t ings  of  several components). An a l t e r n a t i v e  means of 
increas ing  the  impulse  was t o  d e c r e a s e  t h e  wire spacing,  d ,  s t i l l  f u r t h e r  
bu t  such  an  approach  magni f ies  the  c i rcumferent ia l  var ia t ions  in  the  
loading, which is undesirable .  Thus, t h e  d e c i s i o n  w a s  made to  keep  the  
experimental  design f ixed and proceed to  tests u s i n g  t h e  s h e l l  w i t h  c u t -  
outs .  The resu l t s  of  those  exper iments  are repor t ed  in  the  fo l lowing  
paragraphs. 
Response with Cut-Outs - The same thick-walled aluminum cyl inder  
w a s  u sed  fo r  t hese  tests, excep t  t ha t  i t  w a s  machined as shown i n  
Figure 3 2 .  (A photograph  of  the  she l l  wi th  cu t -outs  i s  given i n  Figure 3 3 ) .  
Eight symmetrically placed cut-outs were used,  s ince the mathematical  
model (see Ref.  1 7 )  required several  planes of  symmetry to  minimize  the  
number of degrees-of-freedom (i.e. , t o  c u t  down on  the  ex ten t  of t h e  
f in i te -d i f fe rence  mesh) .  
The ho lograph ic  r e su l t s  are shown i n  F i g u r e s  34 through 3 8 ,  which 
g r a p h i c a l l y  i l l u s t r a t e  t h e  waves approaching and propagat ing past  the cut-  
outs .  Reflected waves leav ing  the  cu t -out  and  t rave l ing  back  to  the  center  
o f  t he  she l l  are a l s o  a p p a r e n t  i n  t h e  i n t e r f e r o g r a m s .  S i n c e  t h e  s h e l l  
response is clearly two-dimensional ( involving both x and e ) ,  i t  was 
necessary  to  reduce  the  exper imenta l  da ta  for  var ious  "cu ts"  a long  the  
s h e l l .  T h i s  w a s  accomplished  by  determining  the  f r inge  order ,   n ,  and 
calculat ing the corresponding displacement  (as  out l ined previously in  
Sec t ion  3 . 0 .  Cuts were t aken  pa ra l l e l  t o  t he  ax i s  o f  t he  cy l inde r ,  and  
p r i m a r i l y  a t  two a n g u l a r  s t a t i o n s ,  e = 0, and e = 1 ~ / 1 2 .  These  values  of 
9 correspond t o  t h e  m i d d l e  of the cut-out and the top edge of the cut-out,  
respec t ive ly .  
P l o t s  o f  t h e  r a d i a l  d e f l e c t i o n  v s  x a r e  shown i n  F i g u r e s  39 through 
4 7 .  Unt i l  the  wavefront  reaches  the  cu touts ,  the  response  of  the  she l l  
i s  bas ica l ly  ax isymmetr ic  (c f .  F igure  3 4 ) .  A s  t h e  wave i n t e r a c t s  w i t h  
t h e  c u t o u t ,  t h e  t r a n s v e r s e  r e s p o n s e  t e n d s  t o  b e  l a r g e  n e a r  t h e  e d g e  o f  
t h e  c u t o u t ,  as might  be  expected  (cf.   Figure 3 7 ) .  These  experimental 
r e s u l t s  are in  qua l i t a t ive  ag reemen t  wi th  the  compute r  ana lys i s ,  as dis-  
cussed  in  the  nex t  s ec t ion .  
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Figure 32: Sketch  showing location of cut-outs  in the thick  shell. 
(All  dimensions  are  given  in  inches.) 
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Figure 33: Photograph of thick-walled shell specimen 
with symmetrical cut-outs (c.f. Figure 32). 
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Figure 34 : Wave interacting with cut-outs. Thick-walled shell, 
h = .25 inches. Time t = 20 psec. 
Figure 35 : Wave interacting with cut-outs.  Thick-walled shell, 
h = .25 inches. Time t = 29 psec. 

Figure 37 : Wave propagation past cut-outs i n  t h e  thick-walled shell .  
Time t = 72 psec. 
Figure 3 8  Wave propagat ion   pas t  cut-outs i n   t h e   t h i c k - w a l l e d   s h e l l .  
T i m e  t = 82 psec. 
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Figure 39: Radial  deflection, w ,  as a function of x. Thick  shell, 
with cut-outs. 
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Figure 40 : R a d i a l  d e f l e c t i o n ,  w ,  as a f u n c t i o n   o f   a x i a l   p o s i t i o n ,   x .  
Comparison of theory and experiment, thick shell wi th  cu t -ou t s .  
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Figure 4 2 :  Radia l   def lec t ion ,  w ,  b s .  a x i a l   p o s i t i o n ,   x ,  a t  time t = 72 Csec. Thick 
she l l  wi th  cu t -out .  
Comparison wi th  the STAR Code 
As i nd ica t ed  p rev ious ly ,  one  ob jec t ive  of the experimental  work 
was to  provide  da ta  for  compar ison  wi th  computer  ana lyses .  In  par t icu lar ,  
t h e  tests on  the  " th i ck  she l l "  (h  = .25 inches)  w e r e  designed for comparison 
w i t h  t h e  STAR code  (Ref. 1 7 ) .  Q u a n t i t a t i v e  d e t a i l s  of t h i s  comparison are 
presented  herein.  
Input  Data f o r  t h e  A n a l y s i s  - The s h e l l  which w a s  analyzed used 
the  fo l lowing  input  da ta :  
Radius/Thickness  Rat io ,  a /h  = 20 
Length/Radius Ratio, L / a  = 4.8 ( total  length between ends)  
Conditions of  symmetry were appl ied on the fol lowing planes:  
The plane x = 0 ,  which  conta ins  the  rad ia l  'Loading, 
The plane 0 = 0,  which passes through the cut-out and contains 
t h e  c y l i n d e r  a x i s ,  
The p lane  0 = 1~14, which passes mid-way between the cut-outs 
and  a l so  con ta ins  the  cy l inde r  ax i s .  
The appl ied loading w a s  modeled a s  a t r ansve r se  shea r ,  Q,, as 
f 0 l lows : 
Boundary condi t ions  of "free-support" , i. e. ,  
w = o  
Nx = 0 a t  x = _+_ L/2 
v = o  
were appl ied  a t  the ends of t h e  s h e l l .  
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Rat io  Between Experimental/Theoretical Responses - To compare 
theory and experiment ,  the fol lowing factors  were used: 
a = 5 inches  ( rad ius)  
c = .2 i n / v s  (wave speed) 
L /2  = 1 2  inches  (ha l f  l eng th  of t h e  s h e l l )  
E = 10 x 10 l b / i n 2  (Young's  Modulus) 
v = . 3  (Poisson 's   Rat io)  
Thus, T = .4 - = 10 ~ s ,  t he  du ra t ion  of the  appl ied  loading .  The 
6 
a 
C 
p ressure  loading ,  p(x , t ) ,  (assumed  axisymmetric)  can  be r e l a t e d  t o  t h e  
shea r  fo rce  as   fol lows : 
Q, 
/- 
E 
where E i s  a small quan t i ty  r ep resen ta t ive  o f  t he  I J i d t h  of 
load.  Equation ( 4 - 2 )  i s  obtained by consider ing  equi l ibr ium 
s h e l l  e l e m e n t  i n  t h e  r a d i a l  d i r e c t i o n .  
t he  app l i ed  
of a 
If w e  now i n t e g r a t e  b o t h  s i d e s  of t h i s  e q u a t i o n  i n  t i m e ,  we o b t a i n  
E 1 p ( x , t ) d x d t  = I 0 = 2( Q,(O,e,t)dt  
0 
(4-3)  
where I i s  the   "spec i f ic   impulse"  , in   lb -sec l inch .   (See   Sec t ion  3.0. 
Equation 3-20 , for  example.)  Thus,  Equations (4-2)  and ( 4 - 3 )  can  be 
combined t o  g i v e  
0 
- 2Ea IT 
Io - 2 5 s i n 2   d t  
( 1 - v )  0 
T 
<4-4) 
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Using  the  nominal  values of E, a ,  v,  and T (given  previously)  w e  
have 
- lO(10 x lo6) (5) (lo = 2.75 x 10 3 lb-sec in 
Io - (. 91) 
wh ich  cha rac t e r i zes  the  ( ana ly t i ca l )  i npu t .  
The experimental  value of t he  spec i f i c  impu l se  was ca l cu la t ed  us ing  
Equation (A-6) and  (A-7), fo l lowing  the  procedures  out l ined  in  Appendix A. 
Thus , from Equation (A-7) w e  have 
+ 
L f i n a l  
I =/ .409 0 F( t )  d t  = (5) (z (i) I I (4-5) 
0 .475 
where   fo r   t he   t h i ck   she l l  V = 25,000 vol t s   and  d = .691 x meters , 
which  gives 0 
5.86 
x 10 - 4  lb-sec i n  
6.80 
when expressed i n  E n g l i s h  u n i t s .  
The r a t i o  of expe r imen ta l  t o  theo re t i ca l  va lues  i s  
x 
W expt  - Iexpt  - - 
Rt/e' Wtheory 'theory  2.75 x 10 
- - 
3 x 
/ (2 .48 
The r e s u l t s  of Ref.  17 are g i v e n  i n  terms of d e f l e c t i o n / r a d i u s ,  ( i . e . ,  
w/a) ,  and i n  o r d e r  t o  compare theory with experiment w e  have 
W = (:) (1.125 x theory 
where the values  o f  (w/a) are read from R e f .  1 7 .  
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Equation (4-7)  states  t h a t  t h e  a n a l y t i c a l  r e s u l t s  of Ref. 1 7  
should  be  scaled  by  (approximately) a f a c t o r  of 10   to   cor respond 
wi th  the  exper imenta l  input  condi t ions .  
-6 
Analytical Results and Comparison with Experiment - Typical  
experimental  data  obtained holographical ly  are shown i n  F i g u r e s  43 through 
4 5 ,  along with analyt ical  values  which have been scaled from Reference 
17. (The sca l ing   f ac to r   u sed  w a s  K = 1.125 x which was used   t o  
mul t ip ly   t he   ana ly t i ca l   va lues   o f  w / a .  (See  Equation (4-7)  and  the 
r e l a t ed  d i scuss ion . )  The a n a l y t i c a l  and experimental   curves  have many 
f e a t u r e s  i n  connnon, b u t  c e r t a i n  b a s i c  d i s c r e p a n c i e s  are a l so  appa ren t .  
In  o rde r  t o  unde r s t and  these  d i f f e rences ,  i t  i s  worthwhile to review 
some of t h e  l i m i t a t i o n s  of t h in  she l l  t heo ry ,  wh ich  is  used i n  t h e  
computer analysis.  
A s  d i scussed  in  Sec t ion  3 . 0 ,  t h i n  s h e l l  t h e o r y  i s  an approximation 
t o  t h e  more e x a c t  l i n e a r  e l a s t i c i t y  t h e o r y .  I n  terms of t h e  s t r u c t u r a l  
wavelengths (say A )  involved ,  she l l  theory  w i l l  apply when t h e  r a t i o  
6 / h )  i s  su f f i c i en t ly   l a rge .   Fo r   example ,   Be rnou l l i -Eu le r   t ype   she l l  
t h e o r y  ( R e f .  1 1 )  n e g l e c t s  r o t a r y  i n e r t i a  a n d  s h e a r  e f f e c t s ,  a n d  i s  
expec ted  to  be  accu ra t e  when the  wave leng th / th i ckness  r a t io  (A /h)  i s  
approximate ly   10   (or   l a rger ) .  Timoshenko type   she l l   theory   (Ref .  12) 
w h i c h  i n c l u d e s  r o t a r y  i n e r t i a ,  e t c . ,  i s  v a l i d  f o r  s h o r t e r  w a v e l e n g t h s ,  
say  Alh  on  the  order  of 2 (or   perhaps   1 ) .  And f i n a l l y ,  f o r  y e t  s h o r t e r  
wavelengths, more exac t  t heo r i e s  are required.  
I f  w e  k e e p  t h e s e  l i m i t a t i o n s  i n  mind and now r e f e r  t o  F i g u r e  4 0 ,  
w e  observe  tha t  the  ana ly t ica l  curve  possesses  ra ther  "h igh- f requency"  
( i . e . ,  s h o r t  w a v e l e n g t h )  r i p p l e s  n e a r  t h e  f r o n t  o f  t h e  wave.  For 
example,  near x = 2 inches  (Fig.  4 0 )  t h e   a n a l y s i s   e x h i b i t s  a l o c a l  
s t ruc tura l   wavelength  A 1 inch .   S ince   the   th ickness  h = .25  inches,  
w e  have  ( loca l ly )  h /h  M 4 ,  which i s  ou t s ide  the  r ange  of v a l i d i t y  
O / h  >, 10) of the  Bernou l l i -Eu le r  she l l  t heo ry  used  i n  t h e  a n a l y s i s  
(Ref. 1 7 ) .  I n   o t h e r   w o r d s ,   t h e   a n a l y t i c a l   c u r v e   ( c . f .   F i g .  4 0 )  i s  
not  expected to  be va l id  in  the  h igh- f requency ,  shor t -wavelength  reg ion  
n e a r  t h e  f r o n t  of t h e  wave.  Accordingly,  one would not  expec t  the  
present  exper imenta l  da ta  to  agree  wi th  Ref .  1 7  near  the wavefront .  
When r o t a r y  i n e r t i a  and  t ransverse  shear  are i n c l u d e d  i n  t h e  
ana lys i s ,  the  "h igh- f requency  r ipp les"  (pred ic ted  by  Bernoul l i -Euler  
theory)  are removed (Ref .   12 ) .  The short-wavelength  r ipples  of t h e  
less-accurate  (Bernoul l i -Euler)  theory are replaced by longer-wavelength 
def lec t ions  wi th  smal le r  ampl i tudes .  These  e f fec ts  (of shea r  and  ro t a ry  
i n e r t i a )  a r e  w e l l - d o c u m e n t e d  i n  t h e  l i t e r a t u r e  o f  e las t ic  wave propagat ion 
(c . f . ,   Ref .   26) .  
Thus,  the disagreement  between analysis  and experiment  (a t  the 
Wavefront) i s  a t t r i bu ted  p r imar i ly  to  the  sho r t comings  o f  Bernou l l i -  
Euler  she l l  theory .  Of grea ter  concern  was t h e  lack of q u a n t i t a t i v e  
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agreement between theory and experiment near the center o f  t he  s b l l  
( i .  e. , x = 0) where the load w a s  app l i ed .  In  th i s  "cen te r "  r eg ion ,  t he  
s t ruc tu ra l  wave leng ths  are f a i r l y  l o n g  ( a t  least  f o r  t h e  later times, 
such as t 2 20 psec)   and  the  analysis   (Ref .  17) was o r ig ina l ly  expec ted  
to  apply .  However, d i s c u s s i o n  of t h i s  problem  with several colleagues* 
has  l ead  the  au tho r s  to  conc lude  tha t  an  ana lys i s  of the subject  problem 
(us ing  Bernoul l i -Euler  she l l  theory)  may i n  f a c t  b e  i n a d e q u a t e  e v e n  i n  
the  "long-wavelength"  region  near x = 0. Time would not  permi t  an  
adequate  s tudy of  this  problem, (from an analyt ical  s tandpoint)  but  some 
simple "demonstrative examples" are discussed 2n the  fo l lowing  sec t ion  
to  suppor t  the  au thors '  conc lus ions .  
Some Simple Wave Propagation Problems 
i n  Thick and Thin-Walled S h e l l s  
Cons ider  the  ( idea l ized)  problem of  an  inf in i te ly  long ,  c i rcu lar  
c y l i n d r i c a l   s h e l l   w i t h   t h i c k n e s s  h and r a d i u s ,  a ,  subjec ted   to   an  
axisymmetric  impulsive  r ing  load  applied a t  x = 0. (See,   for  example 
Figure 2 ) .  The s h e l l   i t s e l f   h a s   j u s t   c h a r a c t e r i s t i c   l e n g t h s ,  namely 
h,   ( thickness)   and a ,  ( r a d i u s ) .  
I f  t he  impu l s ive  load  is i d e a l i z e d  as 
where  6(x)   and  6( t )   are   Dirac-del ta   funct ions  in   space  and time, 
then  there  is no c h a r a c t e r i s t i c  l e n g t h  ( o r  c h a r a c t e r i s t i c  t i m e )  a s s o c i a t e d  
wi th  the  load ing .  F ina l ly ,  suppose  tha t  w e  consider  only a s i n g l e  wave 
speed ,  c ,  assoc ia ted  wi th  wave propagation. 
When such an idealized problem is  analyzed by Bernoulli-Euler shell  
theory,  wave propagat ion through the 
t h e r e  e x i s t s  o n l y  one c h a r a c t e r i s t i c  
the Bernoul l i -Euler  problem, and the 
i s  
th i ckness ,   h ,  is ignored.  Thus, 
l ength  (namely a ,   t h e   r a d i u s )   i n  
co r re spond ing  cha rac t e r i s t i c  time 
277 a -
C 
which i s  t h e  t i m e  f o r  a wave to   t r ave l   once   a round   t he   she l l .   I n  
f a c t ,  i f  w e  use 
(4-9 1 
(4-10) 
". * Including Drs. T. L. Geers (Lockheed,  Palo  Alto),G. A.  Hegemier 
(Univ.  of C a l i f ,  San  Diego)  and J .  P. Jones  (Aerospace  Corp., E l  Segundo). 
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(see  Ref. 17) for  the  wave  speed  in  Equation (4-9),  the  result is 
2n 
" - 
Tring w 
0 
where 
is  the  frequency of the  axi-symmetric,  plane  strain,  "ring  mode" 
(c.f.,  Ref. 21). (This  simplified  discussion  is  based  on  the  tacit 
assumption  that  the  shell  is  very  '*thin'', i.n the  sense  that  the 
thickness/radius  ratio,  h/a,  is  very small - i.e., h/a - 0 . )  
Now  consider  the  same  problem  when  analyzed  by  a  Timoshenko-type 
shell  theory.  Wave  propagation  through  the  thickness  is  not  ignored, 
and  the  problem  contains  characteristic  lengths (h and a) with  the 
associated  times 
T 2'1~a 2na 2 n  
P 0 
ring  c 
- "="- 
C w 
- 
(around  the  circumference) 
and 
where 
= - = " -  2h  ~ ' I T  
Tts c  c 
- 
S s 
w 
'ITC 
S w = -  
s h  
is  the  lowest  simple  thickness-shear  frequency  (see  Ref.  15)  discussed 
in  Section 3.0.  (Again it is  assumed  that  the  ratio  h/a  is  small, 
tending  toward  zero.) 
In  writing  Equations  (4-12)  and  (4-13a) we have  actually  used two 
wave speeds, c and c for the speed, "c'l. We could equally well 
define two additonal  characteristic  times,  namely 
P S' 
(4-lla) 
(4-llb) 
(4-12) 
(4-13a) 
(4-13b) 
(4-14a) 
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and 
T = -  2h 
o/h  c
P 
(4-14b) 
(which  together  with  Equations (4-12) and  (4-13) make  a  total  of four). 
However,  the  latter  two  (Equations  4-14a  and b) are  of  minor  significance 
for  the  problem  under  discussion. 
The  preceding  paragraphs  suggest  that  Bernoulli-Euler  shell  will 
have  a  time-dependence  of  the  form 
W(X, t) % A 0 cos(wo t + (I) (4-15) 
(since w is the characteristic frequency in this case) whereas 
the  Timoshenko  theory  will  give 
0 
w(x, t) % A. cos(w0  t+@) + B cos(ws t + $) (4-16) 
since  it  possesses characteristic frequencies, w and w . (The 
phase  angles , 4 and $, depend  upon  the  initial  conditions  for  w 
0 S 
and - .) aW a t  
The  idea  that  the  Bernoulli-Euler  theory  (Equation  4-15)  is  included 
within  the  more  exact,  Timoshenko  theory  (Equation 4-16) is  conveyed 
by the  fact  that  the  latter  reduces  to  the  former  as  the  "amplitude" B 
tends  to  zero in Equation (4-16). Of course,  the  appropriateness  of  one 
theory  or  the  other  now  depends  upon  the  relative  magnitudes  of  A  and 
B. 0 
In  fact,  these  "amplitudes"  are  actually  functions  of  space,  i.e., 
A = Ao(x) 
B = B(x) 
0 
and  it  was  pointed  out  previously  that  the  ratio  B/Ao  is  significant 
near  the  wavefront,  where  shear and rotary  inertia  are  important. 
Furthermore,  for  "short"  times  i.e., on the  order df 
Tts <_ t 5 T ring 
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(4-17) 
the  wavefront  is still  re l a t ive ly  nea r  t he  p l ane  o f  l oad ing  (x = 0) 
and short  wavelength,  high-frequency waves are s t i l l  p resen t  nea r  t he  
or ig in  to  g ive  d i f f icu l ty  for  Bernoul l i -Euler  theory .  Thus ,  i t  i s  
clear t h a t  t h e  d e f l e c t i o n  a t  t h e  o r i g i n ,  namely  w(0, t ) ,  cannot  coincide 
i d e n t i c a l l y  f o r  the two t h e o r i e s ,  a t  least beginning from t i m e  t = 0 
and u n t i l  time t = T ts * 
A t  t h e  l a t e r  times, i . e . ,  t >> T the  thickness-shear  mode h a s  ts  
undergone many v i b r a t i o n  c y c l e s  and i n d e e d  t h e  r a t i o  B/Ao may t h e n  
approach  zero a t  t h e  o r i g i n  ( x  = 0) .  I n  t h i s  c a s e ,  t h e  more exac t  
Timoshenko theory may degenerate  into Bernoul l i -Euler  theory and the 
displacement time h i s t o r i e s   c o i n c i d e  a t  = 0, (i.e.,  a t  least  w e l l  
away from the wavefront).  
Th i s  i n tu i t i ve  d i scuss ion  can  be  pu t  on  a more r igo rous  bas i s  by  
using the Fourier  Transform (k, x) and  Laplace  Transforms, ( s ,  t) i n  
con junc t ion  wi th  the  appropr i a t e  she l l  t heo r i e s .  Approx ima te  r e su l t s  
( i .e . ,  asymptot ic  expansions)  can be obtained by expanding the transforms 
as   the   Laplace   parameter  s - m y  i . e . ,  t i m e  t -0, etc.  Indeed,  readers 
thoroughly  fami l ia r  wi th  e las t ic  wave propagation may be  ab le  to  provide  
references where such an approach has  been carr ied out  for  the loading 
and  geometry  considered  here. However, i t  w a s  beyond the  scope of t h e  
p re sen t  con t r ac t  t o  gene ra t e  o r  ex tens ive ly  sea rch  fo r  such  ana ly t i ca l  
s o l u t i o n s .  
Additional Experimental  Results 
f o r  t h e  Thick-Walled Shell 
of t h e  
0 
0 
The l a c k  of quantitative agreement between theory and experiment 
fo r  t he  th i ck -wa l l ed  she l l  w a s  somewhat d i s t u r b i n g ,  e s p e c i a l l y  i n  v i e w  
following items: 
Previous holographic measurement  of wave propagat ion ( in  
beams and p i a t e s ,   Re f s .  7, 8 ) had  been  successfully 
cor re la ted  wi th  computer  so lu t ions .  
The r e su l t s  p re sen ted  he re in  (Sec t ion  3.0) f o r  t h e  t h i n -  
w a l l e d  she l l ,  ag ree  r easonab ly  w e l l  w i th  ca l cu la t ions  
(e. g. , see Figure 26 ) . 
The computer  program  (Ref. 17) has  been  amply  verified  by 
t e s t i n g  i t  a g a i n s t  known, p rev ious  so lu t ions ,  and  f ina l ly  
Examples are ava i l ab le  ( e  . g .  , Ref. 27 ) which show t h a t  (at 
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least f o r  s p e c i f i c  p r o b l e m s )  t h e  s o l u t i o n s  u s i n g  Timoshenko 
shel l  theory approach those of  Bernoul l i -Euler  theory 
(at su f f i c i en t ly  long  wave leng ths ) .  
I n  a n  e f f o r t  t o  c l a r i f y  and t o  b e t t e r  u n d e r s t a n d  t h e  t h i c k  s h e l l  
r e s u l t s ,  a d d i t i o n a l  i n t e r f e r o g r a m s  were ana lyzed  to  p rov ide  more 
d e f l e c t i o n  d a t a .  The expe r imen ta l   r e su l t s ,   showing   t he   r ad ia l   de f l ec t ion ,  
w, vs. a x i a l  p o s i t i o n ,  x ,  ( f o r  several d i s c r e t e  t i m e s )  are shown i n  
Figure 46. T h i s   f a m i l y   o f   c u r v e s   i l l u s t r a t e s   t y p i c a l  wave propagation 
behavior ,  wi th  the  wavefront  advancing  ( to  the  r igh t )  a long  the  she l l .  
This high-frequency, short-wavelength region occurs a t  t h e  f r o n t  o f  t h e  
wave, with the longer  waves propagat ing more slowly and lagging behind. 
A f e a t u r e  of some i n t e r e s t  i s  the  behavior  a t  t h e  o r i g i n  ( x  = 0 ) ,  as a 
f u n c t i o n  of t i m e ,  t .  The c e n t r a l   d e f l e c t i o n ( s )  w ( 0 ,  t . )  from  Figure 46 
have   been   c ross -p lo t ted   to   g ive   the   t ime-h is tory ,   w(0 ,   t ) ,  shown i n  
Figure 47. The r e l a t ive ly   smoo th ,   con t inuous   na tu re   o f   t he   ( a lbe i t  
l imi t ed )  expe r imen ta l  da t a  in  F igu re  49 g ive  s t rong  suppor t  t o  the  
"consistency" of t h e  p r e s e n t  tests. 
1 
Also shown i n  F i g u r e  47 is  the  ca lcu la ted  ha l f -per iod ,  To/2 = 75 psec, 
of the axi-symmetr ic  r ing mode of t h e  s h e l l .  From the  d iscuss ion  of  
l e n g t h  s c a l e s  and " c h a r a c t e r i s t i c  times" presented previously,  one might 
expec t  Bernoul l i -Euler  she l l  theory  to  pred ic t  a def lec t ion  t ime-his tory  
w(0, t )   i n v o l v i n g  a half   per iod of  To/2. On the   o the r   hand ,  Timoshenko 
theory w i l l  involve  half-per iods of T / 2  and T / 2 ,  and combinations 
thereof .  0 ts 
From an  exper imenta l  s tandpoin t ,  there  are many more " c h a r a c t e r i s t i c  
times" in  the  phys ica l  p roblem than  are indicated by Equat ions (4-12) 
and  (4-13).  For  example, t he   i npu t   pu l se   has  a d u r a t i o n  T = 10  psec,  
which may have a s i g n i f i c a n t  e f f e c t  o n  t h e  s h e l l  b e h a v i o r .  I n  a d d f t i o n ,  
t h e  f i n i t e  w i d t h  of t he  load ,  --E 5 x ": E , of about 114 of an  inch ,  
i n t roduces  ano the r  cha rac t e r i s t i c  l eng th  ( fo r  example ,  a f l e x u r a l  
wavelength)  which  has  an  associated  frequency, etc.  Thus, i t  is not  
surpr i s ing  to  f ind  an  exper imenta l  "ha l f -per iod"  of approximately 50 psec 
vs. a n   ( i d e a l i z e d )   r e s u l t   o f  T /2 = 75 psec. 
0 
A thorough (ana ly t ica l )  s tudy  of  th i s  problem,  inc luding  the  e f fec ts  
of a f i n i t e  w i d t h  of the  loading  ( in  space)  and  a f i n i t e  p u l s e  d u r a t i o n  
( in  t ime)  would be of c o n s i d e r a b l e  i n t e r e s t ,  b u t  s u c h  a n  a n a l y s i s  was 
beyond the  scope  of  the  present  s tudy .  
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Figure 47: Radial  deflection (at x = 0) V S .  time, t. Thick-walled shel l ,  no 
cut-outs. 
R e s u l t s  f r o m  E l a s t i c i t y  Theory 
Consider the following argument.  The pulse  durac ion ,  T = 10 psec,  
i s  a c h a r a c t e r i s t i c  t i m e ,  which can be used t o  c a l c u l a t e  a s t r u c t u r a l  
wavelength, A .  In   o the r   words ,  
A = 2csT = 2(  .1 in/psec)  (lo psec) 
A s  = 2 inches,  based upon t h e  s h e a r  wave speed, C 
S 
Having t h i s  v a l u e  of A , and knowing t h e  r a d i u s  a 2 5 . 0  inches ,  
t he  th i ckness  h = .25  inches,  w e  have 
A 2 ‘25 - .125 
With these  va lues ,  w e  enter  Ref .  28 and u s e  t h e  t a b u l a t e d  r e s u l t s  f o r  
t h e  n = 0 (axi-symmetric) mode. Page 20, of Ref.   28  then  gives 
R1 = .034 
for   the  corresponding  f requency.  But 
Q 1 = w -  - .034 
S 
TIC 
S where w = - = Fundamental  thickness/shear  frequency. s h  
Thus w = .034 w s  
and the corresponding per iod of  v i b r a t i o n  i s  
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But - 2.rr = Ts = 4 . 1  vsec, ( see  Sec t ion  3 .O)  and w e  then have 
w 
S 
= 4 . 1  psec x - Telast .034 
1 = 120 psec 
w h i c h  r e s u l t s  i n  a ha l f -per iod  of 
2 = 60 psec 
which is ve ry  c lose  to  the  expe r imen ta l  r e su l t  (T I2  = 50 psec) shown 
i n  F i g u r e  47 .  
Of course,  i t  i s  recognized  tha t  the  dura t ion  of t h e  i n p u t  p u l s e ,  
namely T = 10 Usec i s  a c t u a l l y  10  psec 2 (some f r a c t i o n )  which 
in f luences   t he   s t ruc tu ra l   wave leng th  A .  Fur thermore,   the   theory of 
Ref. 28 i s  ca l cu la t ed  fo r  t he  a s sumpt ion  o f  s t eady ,  t r ave l ing  wave 
t r a ins   w i th   wave leng th  A .  Thus, i t  i s  considered to be  good agreement 
when the experimental  half  per iod is 50 psec and t h e  e l a s t i c i t y  t h e o r y  
gives  T/2 = 60 psec. 
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Test R e s u l t s  f o r  t h e  Thin-Walled Cylinder 
Wave Propagat ion Past  a C i r c u l a r  Cut-Out - Experiments w e r e  
conducted i n  which  t ransverse  waves were exc i ted  (and  def lec t ions  
recorded  holographica l ly)  to  s tudy  waves i n t e r a c t i n g  w i t h  a c i r c u l a r  
cut-out. The thin-wal led  cyl inder   (h  = . lo6  inches)  w a s  used i n  t h e s e  
tests, and the diameter  of the cut-out  w a s  d = 2.0 inches.  The impulsive 
load  w a s  appl ied  a t  t h e  l o n g i t u d i n a l  s t a t i o n  x = 0, and the cut-out  
w a s  centered a t  x = 6.0  ( inches)  to  the  r igh t  of  the  loading  p lane .  
Tests were conducted fol lowing the procedures  out l ined previously 
i n  S e c t i o n  3.0. A t yp ica l  i n t e r f e rog ram of t h e  t r a n s v e r s e  wave i n t e r -  
ac t ing  wi th  the  cu t -ou t  ( a t  time t = 59 psec) is  shown i n  F i g u r e  48. 
The cor responding  def lec t ion  da ta  (w vs x)  are presented i n  Figure 49 , 
f o r  t h e  c e n t e r l i n e ,  i .e . ,  0 = 0. Non-symmetric behavior,   caused  by 
t h e  i n t e r a c t i o n  of an axi-symmetric wavefront with the cut-out,  i s  
ev iden t   i n   t he   i n t e r f e rog ram.  The high-frequency,  short-wavelength, 
r i p p l e s   ( i n   t h e   c i r c u m f e r e n t i a l   d i r e c t i o n ,  6 ,  Figure 4 8 )  i n d i c a t e s  
the  presence  of c i rcumferent ia l  harmonics  ( i .e .  , w % cos ne) of high 
wave-number , n . 
Addit ional  interferograms,  showing the wave passing the cut-out and 
the formation of a "shadow zone'' t o  t h e  r i g h t  (beyond the  cu t -out )  a re  
p re sen ted   i n   F igu res  50  through  52.  (For  the  arl ier times, 
t 5 59 usec,  see Appendix  E.) The presence of short-wavelength, 
c i rcumferent ia l  harmonics  near  the  cu t -out  a re  ev ident  in  the  in te r fe rograms.  
Wave Propagat ion Past  a Square Cut-Out - S i m i l a r  tests w e r e  conducted 
on wave propagat ion past  a squa re  cu t -ou t  i n  the  th in -wa l l ed  she l l .  The 
square  cut-out was 2.0  inches (on a s i d e )  and c e n t e r e d   a t  x = -4 ( inches) .  
That i s ,  the cut-out  w a s  centered 4 i n c h e s  t o  t h e  l e f t  of t he  load ing  
p lane ,  x = 0. Several   in terferograms (which show t h e  wave approaching 
and engulf ing  the  cut-out)  are presented  in  Figures  53  through  58. 
A t y p i c a l  p l o t  of t h e  r a d i a l  d e f l e c t i o n  f o r  t h i s  problem is  given 
in   F igu re   59 ,  t = 60 usec.   Note   the  large  gradients  (E) near   the  edge 
of the  cut-out ;  see Figures  54  and  55.  Non-axisymmetric behavior  
is  apparent i n  t h e  i n t e r f e r o g r a m s ,  as indica ted  by  the  c i rcumferent ia l  
r i p p l e s  i n  t h e  d a r k  i n t e r f e r e n c e  f r i n g e s .  The "shadow  zone'' caused  by 
the  cut-out  is q u i t e   e v i d e n t  as w e l l ,  c .f  . Figure 58. Although i t  
would be  des i r ab le  to  r educe  these  h igh ly  " two-d imens iona l "  r e su l t s  
t o   g i v e   q u a n t i t a t i v e   d a t a   ( e . g . ,   i n   b o t h  x and 6 )  such a reduct ion 
w a s  no t  poss ib l e  du r ing  the  p re sen t  s tudy .  
Addi t iona l  resu l t s  ( showing the  behavior  a t  o t h e r  times, t . )  are 
1 
g i v e n  i n  Appendix E. When computer  programs become avai lable  which can 
<econom$cally) handle such non-symmetric. two-dimensional behavior, i t  i s  
hoped t h a t  t h e y  w i l l  b e  compared wi th  the  ho lograph ic  r e su l t s  g iven  
&rein.  
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Figure 48 : Wave interacting with circular cut-out. (Thin shell, h = .lo6 inches, 
wall thickness. Cut-out diameter, d = 2.0 inches. Time t = 59 psec.) 
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F i g u r e  49: R a d i a l   D e f l e c t i o n ,  w ,  as a Func t ion  of P o s i t i o n   a l o n g   t h e   S h e l l .  (Wave I n t e r a c t i n g  
w i t h  a Ci rcu lar   Cut -Out ;  see F i g u r e  4 8 ) .  
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Figure 50: Transverse  Wave  Interaction  with a Circular Cut-Out. 
Time t = 70 psec 
Figure 51: Transverse Wave In te rac t ion  wi th  a Circular Cut-Out. 
Time t = 80 psec 
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Figure 52: Transverse wave interaction with a circular cut-out. Time t = 92 usee. 
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Figure 53: Wave propagation  past a square cut-out. Time t = 39 psec.  (Thin  shell, 
h = .lo6 wall thickness.)  
Figure 54 : Wave propagat ion  past  a square  cut-out . T i m e  t = 50 psec. (Thin s h e l l ,  h = .lo6 
wall th ickness .  ) 
Figure 55: Wave propagation  past a square  cut-out. T i m e  t = 60 psec. (Thin s h e l l ,  h = . l o6  
wall thickness.)  
I 
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Figure 56: Wave  propagation past a square cut-out. Time t = 71 psec. (Thin shell, h = ,106 
wall thickness. ) 
Figure 57: Wave propagation past a square cut-out. Time t = 81 psec.  (Thin shell, h = .IO6 
wall thickness. ) 
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Figure 58: Wave propagation p a s t  a square  cut-out. Time t = 92 psec.   (Thin  shel l ,  h = .lo6 
wal l  th ickness . )  
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Figure  5 9 :  R a d i a l   d e f l e c t i o n ,  w ,  v s .  a x i a l   p o s i t i o n ,  x .  (Thin-walled  shel l ,  snuare cut-out ,  t = 60 Lsec,  
c . f .   F igure  55.)  
Wave I n t e r a c t i o n  w i t h  a S t i f f e n i n g  Ring - The f i n a l  test series 
(us ing  the  th in-wal led  she l l )  was d e s i g n e d  t o  r e c o r d  t h e  i n t e r a c t i o n  o f  
an axisymmetric wave w i t h  an axisynnnetric r i n g  s t i f f e n e r .  The r i n g  
s t i f f e n e r  h a d  a rec tangular  c ross -sec t ion  wi th  a width of .5 inches and 
a depth of 1.0 inches.  It was centered approximately 4.0 i n c h e s  t o  t h e  
l e f t  o f  t h e  l o a d i n g  p l a n e  (x = 0).  
Typica l  in te r fe rograms for  th i s  problem are shown i n  F i g u r e s  60 through 
6 3 .  The appearance  of non-symmetric modes ( i .e .  cosne)  when t h e  wave h i t s  
t h e  s t i f f e n e r  are e v i d e n t  i n  F i g u r e  62. Def lec t ion  da ta  (w vs. x) fo r  one  
in te r fe rogram are shown i n  F i g u r e  6 4 .  Addit ional  interferograms are  pre-  
sented i n  Appendix E. 
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Figure 60: Wave Interact ing  with  the  ( Internal)   St i f fening  Ring 
(on t h e  l e f t ,  a t  x = -4 inches) and t h e  Cut-Out (on 
t h e  r i g h t ) .  Time t = 30 psec 
Figure 6 1 :  Wave In t e rac t ing   w i th   t he   ( In t e rna l )   S t i f f en ing  Ring  (on 
t h e  l e f t ,  a t  x = -4 inches) and t h e  Cut-Out (on  the  r igh t ) .  
T i m e  t = 40 usec 
I 
Figure 62 : Wave In te rac t ing  wi th  the  ( In te rna l )  S t i f fen ing  Ring 
(on t h e  l e f t ,  a t  x = -4 inches) and the  Cut-Out (on 
t h e  r i g h t ) .  T i m e  t = 49 psec 
Figure 63: Wave i n t e r a c t i n g  w i t h  t h e  ( i n t e r n a l )  s t i f f e n i n g  r i n g  ( o n  t h e  l e f t ,  
a t  x = -4 inches)  and the  cu t -ou t  (on  the  r igh t ) .  T i m e  t = 60 usec. 
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5.0 WAVE PROPAGATION I N  CONICAL  SHELLS 
In t roduc t ion  and Background 
I n  a d d i t i o n  t o  the tests o n  c y l i n d r i c a l  shells,  i t  w a s  d e s i r e d  
t o  o b t a i n  d a t a  f o r  wave propagat ion  i n  con ica l  shells as w e l l .  Two 
conical  specimens w e r e  t es ted ,  and  the r e s u l t s  o f  t h e  tests are given 
i n  t h e  f o l l o w i n g  p a r a g r a p h s .  
Tests on the Cone-Cylinder Specimen 
A thin-walled cone-cylinder specimen w a s  o b t a i n e d  f o r  u s e  i n  
t h e s e  tests. The  dimensions  of  the  specimen are g i v e n   i n   F i g u r e   6 5 ,  
and a photograph of  the actual  model i s  given i n  Figure  66 .  
In  o rde r  t o  app ly  the  load ing  pu l se  ( e l ec t romagne t i ca l ly )  t he  
loading  wire w a s  l o c a t e d  i n  t h e  l a r g e r  end o f  t he  spec imen .  In i t i a l  
tests were conducted with the load appl ied a t  x = 1.0 , i . e . ,  approximate ly  
1 inch  f rom the  la rge  end  of the cone. 
A t y p i c a l  i n t e r f e r o g r a m  f o r  t h i s  tes t  arrangement i s  g i v e n  i n  
Figure  67.  The cor responding   def lec t ion   da ta  are g i v e n   i n   F i g u r e   6 8 .  
A s  t h e  waves propagate  longi tudinal ly  a long the cone,  the appearance 
of  non-symmetric modes ( i . e . ,  c o s  n 0 )  becomes ev iden t .  The  development 
of  the  non-symmetric  response i s  e v i d e n t  i n  F i g u r e s  69 through 72. 
Addi t iona l  in te r fe rograms are g i v e n  i n  Appendix F .  
Tests on the Large Conical  Shel l  
I n  o r d e r  t o  i n v e s t i g a t e  waves p ropaga t ing  in  a l a r g e r  s h e l l ,  
another  conical  specimen w a s  bu i l t .  A-ske tch  showing  the  she l l  
geometry i s  g i v e n   i n   F i g u r e  73 .  A p h o t o g r a p h   o f   t h e   s h e l l   i t s e l f  
i s  g i v e n   i n   F i g u r e  7 4 .  
The tes t  procedure and experimental set-up were similar t o  t h o s e  
d iscussed   prev ious ly .  The s h e l l   h a s  a th ickness  h = .094  inches,  
and i t  w a s  loaded  wi th  the  repe l l ing-wire  device  d iscussed  previous ly .  
A t y p i c a l   h o l o g r a m   f o r   t h i s  tes t  series is  given i n  Figure  7 5 .  The 
cor responding   def lec t ion  w ( a s  a func t ion  of t h e   l e n g t h ,  s ,  along 
the  cone)  is g i v e n   i n   F i g u r e  76. 
Add i t iona l   i n t e r f e rog rams  are g i v e n   i n   F i g u r e s  77  through  79, 
which again demonstrate non-symmetric behavior (i .e.  , cos  n 0 modes). 
F i n a l l y ,   a d d i t i o n a l   i n t e r f e r o g r a m s  are presented  in   Appendix  F.  
104 
i - 3 i n .  
1 . 5  i r  
L- 
/T 
I 2.6 i n .  
- l i  
I I  
I I  
0.022 i n .  
T 
0.022 i n .  
f 0.022 in. 
NOTE: 
1. Circular  Section 
2 .  Aluminum 
Figure  65: Dimensions f o r  t h e  thin-walled  cone  cylinder. 
Figure 66: Photograph of the thin-walled  cone-cylinder  (diameter 
of large end is 2.6 inches). 
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Figure 67: Wave propagation in the thin-walled  cone-cylinder. Time t = 10 psec. 
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Figure 68: Radial deflection, w, vs. axial position, x. (Load centered at 
x = 0.) Cone  cylinder  combination,  time t = 10 Lsec. 
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Figure 69: Wave propagating in a  thin-walled  cone-cylinder. Time t = 48 psec. 
I Figure 70: Wave propagating  in  a  thin-walled  cone-cylinder. Time t = 51 usec. 
Figure 71: Wave propagating in a thin-walled cone-cylinder. Time t = 58 psec. 
Figure 72: Wave propagating in a thin-walled cone-cylinder. Time t = 70 psec. 
t- 6" - 
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Figure 73: Sketch of conical   shel l   geometry.  
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Figure 74: Conical s h e l l  specimen (14" ha l f -angle ,  
c o n i c a l  frustrun). 
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Figure 7 5 :  Wave propagation i n  a conical  shell. Time t = 29 usec. 
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Figure 7 6 :  Transverse   def lec t ion ,  w ,  vs .  pos i t i on   a long   t he   she l l .   Con ica l   she l l ,  
t = 29 usec.  
Figure 77: Wave propagating i n  a l a rge  con ica l  shell .  'Time t = 40 psec. 
Figure  78 : Wave propagating i n  a l a r g e  c o n i c a l  shell. T i m e  t = 48 wec. 
Figure 79: Wave propagating in a large conical shell. Time' t = 70 psec. 
6.0 CONCLUDING REMARKS 
In  an  a t t empt  to  extract the  major  conclus ions  found in  th i s  s tudy ,  
t h e  f o l l o w i n g  p o i n t s  s t a n d  o u t :  
o Transverse wave propagat ion i n  she l l s  can  be  accu ra t e ly  
measured  using  pulsed laser holography. From an  engi- 
n e e r i n g  s t a n d p o i n t ,  t h i s  means that  holography can provide 
e n g i n e e r i n g  d a t a  o n  t h e  e f f e c t s  o f  c u t - o u t s ,  d i s c o n t i n u i t i e s ,  
etc. 
o The axi-symmetric  response  of a c i r c u l a r  s h e l l  t o  a n  a x i -  
symmetric loading pulse may subsequently become uns tab le  
and exc i t e   c i r cumfe ren t i a l   ha rmon ics   i n   t he   she l l .   Th i s  
is a problem i n  dynamic s t a b i l i t y ,  and may be worth 
i n v e s t i g a t i n g   a n a l y t i c a l l y .  The presence  of  non-symmetric 
modes might b e  o f  p rac t i ca l  impor t ance  s ince  they  w i l l  
a f f e c t  stress d i s t r i b u t i o n s ,  c i r c u m f e r e n t i a l  b e n d i n g ,  etc. 
o When the  inpu t  pu l se  is o f  s u f f i c i e n t l y  s h o r t  d u r a t i o n ,  i t  
i s  p o s s i b l e  t o  e x c i t e  r e s p o n s e s  t h a t  are beyond the  scope  
o f   c o n v e n t i o n a l   s h e l l   t h e o r i e s .   I n   t h i s  case, i t  is  
necessa ry  to  use  "e l a s t i c i ty - type"  so lu t ions  , as discussed 
i n  S e c t i o n  4.0 .  The reader  should  note  tha t  e lementary  
she l l   theory   (Bernoul l i -Euler )   overpredic ted   the   th ick-  
s h e l l  d e f l e c t i o n s  ( a s  compared wi th  the  exper imenta l  da ta ) .  
Thus i t  seems tha t  t he  e l emen ta ry  theo ry  is  overconservat ive 
( a t  least f o r  t h i s  problem) and might  resul t  in  a non- 
optimum design. 
o Holography can be used to measure waves propagating past 
cut-outs  and/or  s t i f fening r ings,  which exhibi t  pronounced 
non-symmetric  responses. Dynamic stress concent ra t ion  
caused by c u t - o u t s ,  d i s c o n t i n u i t i e s ,  b o l t  h o l e s ,  e tc . ,  
can  be  accura te ly  eva lua ted  us ing  pulsed  laser holography. 
Such stress concent ra t ion  fac tors  of ten  have  a major impact 
o n  t h e  d e s i g n  o f  s h e l l  s t r u c t u r e s .  
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APPENDIX A 
THE EXPERIMENT& LOADING TECHNIQUE 
Introduction 
In  loading  the shell(s),  the  objective  was  to  produce  a  radial  pressure 
that  was  uniform  around  the  circumference,  concentrated  at  a  single  axial 
station (x = 0) and  of  short  duration  in  time  (i.e.y  on  the  order  of  a  few 
microseconds).  The  loading  was  to  generate  axisymmetric,  transverse  waves 
in  the shell(s), which  involve  the  radial  displacement, w, and  the  longi- 
tudinal  displacement, u. Prom  the  standpoint  of  analysis,  the  desired 
loading  might be  idealized  as 
where 6(x) is  a  Dirac  delta  function  in  space  and P(t) represents  the  time- 
history  of  the  loading  pulse. In practice, P(t) can  be  approximated  by 
where T is  the  time  duration  of  the  pulse. 
In  launch  vehicle  applications,  the  loading  function  p(xy8,t)  usually 
results  from  pyrotechnic  shock  loads  (i.e.,  explosives). Thus, one  of  the 
first  loading  techniques  investigated  was  a  sprayed-on,  light-sensitive 
explosive  (Ref. 2 9 ) .  Such  explosives  have  been  used  previously  in  structural 
applications,  but we experienced  two  main  difficulties  with  this  technique: 
(1) To  cause  detonation,  high-intensity  light  (i.e., 7 x 10 lumens/in ) 6 2 
must  be  applied  over  all  areas  covered  by  the  explosive. 
(2) A long  turn-around  time  is  required  between  tests,  which  involves 
spraying  the  explosive,  drying it, etc. 
A s  a  means  of  detonating  the  explosive  simultaneously  (around  the  cir- 
cumference  of  the  shell)  an  exploding  wire  (Ref. 30) was  considered.  The 
possibility  of  loading  the  shell  directly  (by  an  exploding  wire)  led  in  turn 
to  the  development  of  the  final  loading  device,  which  involves  an  electro- 
magnetic  impulse. 
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The Repelling-Wire Loading Device 
Consider two para l le l ,  cur ren t -car ry ing  conductors ,  a d i s t a n c e  d a p a r t  
(see Fig. A . 1 ) .  I f  one  conductor carries a c u r r e n t  I l ( t )  i n  one  d i r ec t ion ,  
d 
Figure A . l :  Para l l e l ,   cu r ren t - ca r ry ing  
spaced a d i s t a n c e  d a p a r t  
t 
conductors , 
and the other  conductor  carries I 2 ( t )  i n  t h e  o t h e r  d i r e c t i o n ,  t h e n  t h e  f o r c e  
(per  uni t  length)  between the conductors  is given by (Ref. 3 1 )  
PO1l12 F(t)  = ~ 2vd (A-3) 
where po = ~ T X ~ O - ~  i n  t h e  r a t i o n a l i z e d  MKS system. F(t )  is force of  magnet ic  
repuls ion ,  s ince  the  in te rac t ing  e lec t romagnet ic  f ie lds  of  the  conductors  
cause them t o  f l y  a p a r t  (when I1 and  12 are i n  o p p o s i t e  d i r e c t i o n s ) .  I f  one 
conductor i s  he ld  f ixed  in  space  and  the  o the r  i s  n e s t l e d  a g a i n s t  t h e  
s t ruc tu re  to  be  loaded ,  i t  is poss ib l e  to  gene ra t e  p re s su re - t ime  h i s to r i e s  
of the desired magnitude and duration. 
To i n i t i a t e  waves i n  o u r  c i r c u l a r  s h e l l  s t r u c t u r e s ,  a f l a t  aluminum 
conductor was formed i n  t h e  s h a p e  o f  two concen t r i c  c i r c l e s  ( see  F ig .  A . 2 ) .  
The conductor  did not  form a complete circle,  s i n c e  it w a s  necessa ry  to  
b r i n g  t h e  c u r r e n t  i n  a t  one  poin t  on  the  c i rc le  and take i t  out  a t  another .  
Thus ,  the  c i rcu lar  conductor  w a s  made of one continuous piece of aluminum 
(1/4-inch  wide)  looped  back upon i t s e l f .  A rubber tube w a s  i n s t a l l e d  
between the conducting loops of aluminum; the tube and conductors  w e r e  he ld  
i n  p l a c e  by a c i r c u l a r  P l e x i g l a s  d i s c  ( s e e  F i g .  A . 3 ) .  The rubber tube w a s  
p re s su r i zed  to  fo rce  the  load ing  wire i n t o  c l o s e  c o n t a c t  w i t h  t h e  s h e l l .  
The generat ion of s i g n i f i c a n t  f o r c e  p u l s e s  w i t h  a r e p e l l i n g  wire device 
requi res  very  h igh  electrical  cu r ren t s ,  e .g . ,  on the  o rde r  o f  50,000 amps. 
These currents  are produced by charging a capac i tor  bank  to  several k i l o v o l t s ,  
and  then  d ischarg ing  the  capac i tors  th rough the  repe l l ing  wire c i r c u i t .  The 
system can be adequately represented by a simple R-L-C c i r c u i t ,  as discussed 
i n  Ref. 3 2  (A circui t  diagram is g iven  in  F igu re  A . 4 ) .  
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-F la t ,  Aluminum S t r i p  
1/16 in.  
I / Radius 
Wire 
Spacing 
Figure  A . 2 :  Concent r ic   cur ren t -car ry ing  loop( s )  used t o  load  
t h e  s h e l l .  
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( .010 thick) 
\ Aluminum  Strip 
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Figure A.3: Schematic  showing  loading  wire  (aluminum  strips) 
design  details 
R = Resistance, ohms 
C = Capacitance, 
Farads  Repelling-Wire 
(Inside  shell  specimen) 
Figure A . 4 :  Schematic R-L-C circuit  diagram  representing 
the  loading  device 
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Figure  A.5(a):   Current vs.  t i m e  i n  r e p e l l i n g  wire c i r c u i t  
(charg ing  vol tage  12  kv ,  sweep speed 5 p s / c m ,  
scale 50 mvjdiv). 
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Figure  A.5(b): Current vs. time i n  r e p e l l i n g  wire c i r c u i t  
(charg ing  vol tage  20 kv,  sweep speed 5 uslcm, 
scale 50 mvldiv).  
Current i n  t h e  R e p e l l i n g  Wire C i r c u i t  
The response of  the repel l ing-wire  c i rcui t  is  given by (Ref. 32) 
where 
R2 - 112 
( h - 2 )  
I ( t )  = - -at 
WL 
e sinwt 
is the  c i r cu la r  f r equency  
a = -  R 
2L is  t h e  damping 
and V i s  t h e  i n i t i a l  charging  vol tage.  
0 
Equation (A-4) refers t o  a n  underdamped c i rcu i t ,  and a t y p i c a l  o s c i l l o -  
scope  t race  (cur ren t  vs. t ime)  for  the experiment  is g iven  in  F igu re  A . 5 .  
The damping, R, was ad jus t ed  expe r imen ta l ly  to  y i e ld  the  des i r ed  cu r ren t -  
time h i s t o r y .  From t h e  trace of Figure A . 5 ,  t h e  c i r c u i t  i n d u c t a n c e  L was 
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ca lcu la t ed ,  u s ing  the  va lues  C = 7 x lom6 f a r a d s  (of t he  capac i to r  bank)  
and R = .53 ohms (measured with a micro-ohmmeter) , and w = a/16x10’6 sec. 
Then t h e  c u r r e n t  , I ( t )  is  given by 
where t is i n  microseconds. 
Calcu la t ion  of the Force and Impulse 
Using Equations (A-3) and (A-4)  , t h e  f o r c e / l e n g t h  is given by 
The ( impulse /uni t  l ength)  tha t  the  wire e x e r t s  on t h e  s h e l l  is obtained 
by  in tegra t ion :  
If t f i n a l  is taken as 16 psec ( t h e  f i r s t  h a l f - p e r i o d  o f  t h e  p u l s e ) ,  t h e n  
t = 16 psec 
- J e-2at s in2wt  d t  = -[.409] 1 Io 0 - w (A-8) 
I f  t he  uppe r  l i m i t  is taken as i n f i n i t y ,  (which  adds up a l l  the ever-decreasing 
pulses)   then  
s in  w t  d t  = -[ . 4 7 5 ]  2 1 
0 
w 
Using the  exper imenta l  va lues  for  the  charg ingvol tage ,  V and t h e  wire 
spacing, d,  w e  have 0, 
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vo = 19 ,000  vo l t s  
d = .45 in.  = 1.14 x meters 
I = (1.9.: lo ) ( x 105 ) ( 2 x 1 0 1.14 x 10 -2) (2%) 
I = (;.:; } x 10 -2 Newton-sec 
0 meter (A-10) 
where the two values given depend upon the upper l i m i t  t a k e n  f o r  t h e  i n t e g r a l  
( s ee  A-8 and A-9).  
I n  Eng l i sh  un i t s ,  t he  spec i f i c  impu l se  i s  
2.06 -4 lb-sec 
0 i n  (A-11) 
us ing equat ion (A-10) and appropr i a t e  conve r s ion  f ac to r s .  
Measurement of the Impulse Using A B a l l i s t i c  Pendulum 
An at tempt  w a s  made t o  measure  the  spec i f ic  impulse  ( I  ) d i r e c t l y ,  u s i n g  
a b a l l i s t i c  pendulum.  For t h i s  p u r p o s e ,  t h e  r e p e l l i n g  w i r e  w a s  i n s t a l l e d  i n  
a ca l ib ra t ion  r ing  ( see  F igu re  A .6 ) .  The r i n g  w a s  of  the same diameter ,  
material, and  thickness as t h e  s h e l l  t o  b e  t e s t e d .  A small square  hole  w a s  
cut  through the wal l  o f  t h e  c a l i b r a t i o n  r i n g  t o  accommodate a small b a l l i s t i c  
pendulum. The pendulum mass was a small square piece of  aluminum,  which was 
suspended  on  long  s t r ings  and  then  nes t led  aga ins t  the  repe l l ing  wire. 
0 
The capaci tor  bank was charged  to  a known vo l t age ,  Vo, and then the 
switch w a s  c losed  to  ‘ ‘ f i r e ’ ’  t he  c i r cu i t .  The d e f l e c t i o n  o f  t h e  pendulum was 
measured,  and  the  impulse  values  (per  unit   length) were ca l cu la t ed .  A p l o t  
of Io ( spec i f i c  impu l se )  vs Vo (charging vol tage)  i s  given i n  Figure A . 7 ,  
f o r  a wire spacing of d = .45 inches.  
A t  19KV, the measured impulse was 
= 1.34 x 10 - 4  lb-sec (Io’meas i n  (A-12) 
vs a ca l cu la t ed  va lue  of 
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= 2.39 x 10 -4 lb-sec (Io’calc i n  
from equation (A-11) . 
A s  th ings  turned  out ,  the  exper imenta l  def lec t ion  da ta  c mpare  more 
f avorab ly  wi th  the  ana lys i s  when t h e  l a r g e r  v a l u e  (2.39 x 10  ) i s  used i n  
the  computa t ions .  Th i s  l ed  to  the  conc lus ion  tha t  t he  ba l l i s t i c  pendulum 
technique  does  not  cor rec t ly  measure  the  spec i f ic  impulse ,  Io, impar t ed  to  
the  she l l .  Apparen t ly ,  t he  sho r t  pendulum mass does not respond the same 
as   the  cont inuous  shel l .   This   anomalous  behavior  i s  a t t r i b u t e d  t o  eddy 
cu r ren t s  t hough t  t o  be  p re sen t  i n  the  con t inuous  she l l  bu t  l a rge ly  
l a c k i n g  i n  t h e  pendulum mass. 
-8 
Descr ip t ion  of t he  Exper imen ta l  Pu l se  in  
a Form Convenient for Analysis 
AS presen ted  in  Sec t ion  3.0, i t  is convenient  to  represent  the  
appl ied  loading,   p(x,  0 ,  t > ,  a s  
P(X,  0 ,  t )  = A s i n  
2 f i  
T (A-13) 
w i t h i n  t h e  domain 
0 5 0 5 2 T r  (A-14) 
and  zero  everywhere else. 
The x-domain (with E = 118 of an inch) 
i n  Equation (A-13) is  based upon t h e  f a c t  t h a t  t h e  r e p e l l i n g  w i r e  (which 
loaded  the  she l l )  w a s  a f l a t ,  aluminum s t r i p ,  1 / 4  of an  inch  wide. No 
attempt w a s  made t o  measu re  the  va r i a t ion  of the  appl ied  pressure  loading  
i n  t h e  x - d i r e c t i o n .  I n  f a c t ,  a more real is t ic  approximat ion  for  the  
x-dependence might be 
P(X,  e ,  t>  cos2  4.rrx (A-15) 
w i t h i n  -1/8 I X I 1/8 
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Similarly,  the  exact  variation f the  pressure in the  circumferential 
direction  was  not  measured.  The  loading  wire  which  applied  the  pressure 
was not a  complete  circle  around  the  circumference. It was  necessary 
to  bend  the  wire  (to  accommodate  electrical  leads,  etc.) in such a way 
that a gap  existed in the  %direction.  (For  example,  see  Figure A.2. ) 
A  moze  appropriate  description f the  loading  (in  the  circumferential 
direction)  might  thus  be  given  by 
p(x, e ,  t) Q A n COS ne 
n=O 
(A-16) 
where  the  axi-symmetric  term (A ) is  much  larger  than  the  circumferential 
harmonics (A,) : 0 
A. >> An n = 1,2,3, .... 
Finally,  the  variation  in  time  is  more  exactly  given  by  Equation 
(A-6) 
F(t) = e  sin2 ut  -2at 
where  a ,0883  x 10 sec 
and w 2 .2 x 10 sec 
6 -1 
6 -1 
Thus  it  is  apparent  that  the  experimental  loading  approximates 
(but by no  means  duplicates)  the form given  by  Equation  (A-13)  and 
used  in  the  analysis. 
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Figure  A . 6 :  Repel l ing Wire i n  C a l i b r a t i o n  Ring 
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Figure A . 7  - Circular  Repel l ing  Wire Cal ibra t ion  Curve 
APPENDIX B 
WAVES I N  THE  THIN-WALLED  CYLINDER 
(ADDITIONAL INTERFEROGRAMS) 
T h i s  Appendix is  meant to supplement Section 3 . 0  of the report, and 
i t  contains results for several times, ti. 
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Figure ~ - 1 :  Wave propagation in the thin-walled cylindrical shell. Time t = 30.5 Psec. 
Figure B.2: Wave propagation in  the  th in-wal led  cy l indr ica l  she l l .  Time t = 99 psec. 
Figure ~ . 3 :  Wave propagation i n  t h e  t h i n - w a l l e d  c y l i n d r i c a l  s h e l l .  T i m e  t = 125 psec. 
Figure B . 4 :  Wave propagation in the thin-walled cylindrical shell. Time t = 150 psec. 
Figure B.5:  Wave propagation in the thin-walled cylfndricai shell. Time t = 171 usee. 
Figure ~ . 6 :  Wave propagation in   the   th in-wal led   cy l indr ica l   she l l .  Time t = 197 vsec. 
Figure B . 7 :  Wave p ropaga t ion   i n   t he   t h in -wa l l ed   cy l ind r i ca l   she l l .  T i m e  t = 236 usec. 
APPENDIX C 
WAVES REFLECTING  FROM THE ENDS 
OF THE SHELL 
(ADDITIONAL INTERFEROGRAMS) 
The in t e r f e rog rams  p resen ted  in  th i s  append ix  show t r a n s v e r s e  
waves r e f l e c t i n g  f r o m  t h e  e n d s  of t h e  t h i n  c y l i n d r i c a l  s h e l l ,  and they 
i l l u s t r a t e  t h e  s t r u c t u r a l  b e h a v i o r  a t  v a r i o u s  times, ti. These  f igures  
are intended to supplement Figures 20, 22, and 24 i n   t h e  main, body of 
t h e  t e x t ,  S e c t i o n  3.0. 
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Figure c. 1: Wave Propagating Toward  thc 
Time t = 15 usec. 
e "Clamped" End (at  the Lef t )  . 
Figure c.2: Wave Propagating Toward t h e  "Clamped"  End (at the Left) .  
Time t = 30 psec. 
Figure c. 3: Wave Propagating Toward the "Clamped" End ( a t  the L e f t ) .  
Time t = 60 psec.  
PigureC.4: Wave Propagating toward the "Clamped" End (at the Left). 
Time t = 75 psec. 
Figure c. 5: Wave Propagating toward the "Clamped" End (at the Left) . 
Time t = 90 psec. 
"" . 
Figure c.6: Wave Propagating toward the "Clamped" End ( a t  t h e  L e f t )  
Time t = 105 psec. 
r cn 
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FigureC.7: Wave Propagating toward the Free End  (at the Right). 
Time t = 60 psec. 
FigureC.8: Wave Propagating  toward the Free End ( a t  the Right). 
Time t = 75 psec. 
FigureC.9: Wave  Propagating  toward  the  Free End (at the Right). 
Time t = 90 usee. 
Pigurec.10: Wave Propagating toward the Simply-Supported  Boundary 
(Vee-Groove)  at  the  Left . Time t = 11 psec. 
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Figure c.11: Wave Propagating Toward t h e  Simply-Supported Boundary 
(Vee-Groove) a t  t h e  L e f t .  Time t = 20 psec. 
Figure c.12: Wave Propagating Toward t h e  Simply-Supported Boundary 
(Vee-Groove) a t  t he  Le f t .  Time t = 30 psec. 
Figure c.13: Wave propagating toward the simply-supported boundary 
(vee-groove) at the left. Time t = 39 psec. 
Figure C.14:Wave Propagating Toward t h e  Simply-Supported Boundary 
(Vee-Groove) a t  t he  Le f t .  T i m e  t = 48 w e c .  
Figure c.15: Wave propagating toward the simply-supported boundary 
(vee-groove) a t  t h e  l e f t .  T i m e  t = 61 usec. 
Figure c. 16 : Wave  Propagating  Toward  the  Simply-Supported  Boundary 
(Vee-Groove) at the Left.  Time t = 71 Usec. 
WAVE  PROPAGATION  IN  THE  THICK-WALLED  SHELL 
(ADDITIONAL INTERFEROGRAMS) 
This  Appendix  is  meant o supplement  the  results  given  in 
Section 4.0, "Tests on a  Thick-Walled Cylinder." 
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Figure D. 1: Wave propagat ion in  the thick-walled shel l .  (h  = .25 inches).  
Time t = 20 psec. 
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Figure ~ . 2 :  Wave propagat ion   in   the   th ick-wal led   she l l .   (h  = .25 inches) .  
T ime  t = 30 psec. 
Figure ~ ~ 3 :  Wave propagat ion  in   the  thick-walled  shel l .  (h = .25 inches) .  
T i m e  t = 47 usec. 
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Figure D.4: Wave propagation in  the  th i ck -wa l l ed  she l l .  Time t = 5 1  vsec. 
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Figure ~ - 5 :  Wave propagation in the thick-walled  shell. Time t = 53 wec. 
Figure D.6: Wave propagation in the thick-walled shell. Time t = 54 psec. 
Figure D.7: Wave propagation i n  the thick-walled shel l .  Time t = 73 psec. 
Figure ~ . 8 :  Wave propagation i n  t h e  t h i c k - w a l l e d  s h e l l .  Time t = 84 wec. 
Figure ~ ~ 9 :  Wave propagation in  the  th ick-wal led  she l l .  Time t = 101 psec. 
Figure r1.10: Wave propagation i n  the thick-walled shell .  T i m e  t = 110 psec. 
Figure ~ - 1 1 :  Wave interacting with cut-outs.  Thick-walled  shell, 
h = .25 inches. Time t = 40 psec. 
APPENDIX  E 
WAVES  PAST CUT-OUTS AND STIFFENERS 
(ADDITIONAL INTERFEROGRAMS) 
This  Appendix  is to supplement  Section 4.0, in particular, "Waves 
in the  Thin-Walled  Cylinder. 
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Figure E.1: Transverse Wave Interaction with a Circular Cut-Out. 
Time t = 11 psec 
.... 

Figure ~ - 3 :  Transverse Wave In te rac t ion  wi th  a Circular  Cut-Out. 
Time t = 30 psec 

Figure E . 5 :  Transverse wave interaction with a circular cut-out. Time t = 48 wec. 
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Figure ~ . 6 :  Transverse Wave In t e rac t ion  wi th  a Ci rcu lar  Cut-Out. 
T i m e  t = 59 usec 
Figure 2.7: Wave propagation  past a square  cut-out. Time t = 11 psec. (Thin s h e l l ,  
h = . lo6 wall thickness.)  

Figure ~ , 9 :  Wave.propagation  past a square  cut-out. Time t = 31 psec. (Thin s h e l l ,  h = .lo6 
wall  thickness.  ) 
Figure E.10: Wave In te rac t ing  wi th  the  ( In te rna l )  S t i f fen ing  Ring 
(on t h e  l e f t ,  a t  x = -4 inches) and t he  Cut-Out (on 
t h e  r i g h t ) .  Time t = 10 psec 
Figure E . l l :  Wave Interact ing with the (Internal)  St i f fening Ring (on 
t h e  l e f t ,  a t  x = -4 inches) and the Cut-Out (on the  r igh t ) .  
Time t = 2 1  psec 
Figure ~ - 1 2 :  Wave Interacting with the (Internal) Stiffening Ring 
(on the left, at x = -4 inches) and the Cut-Out (on 
the right). Time t = 70 psec 
Figure E.13: Wave Interact ing with the (Internal)  St i f fening Ring (on 
t h e  l e f t ,  a t  x = - 4  inches) and the  Cut-Out (on t h e  r i g h t ) .  
Time t = 80 psec 
APPENDIX F 
WAVES  IN  CONICAL SHELLS 
(ADDITIONAL INTERFEROGRAMS) 
This  Appendix is  designed to supplement  Section 5.0 of the main body 
of the text. 
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Figure F.1: Wave propagating i n  a thin-walled  cone-cylinder. Time t = 10 psec. 
Figure F . 2 :  Wave propagating i n  a thin-walled  cone-cylinder. Time t = 12 psec. 
Figure ~ . 3 :  Wcve propagat ing  in  a thin-walled  cone-cylinder. T i m e  t = 12 psec. 
Figure ~ . 4 :  Wave propagat ing   in  a thin-walled  cone-cylinder. Time t = 2 1  psec. 
Figure F.5: Wave propagating in a thin-walled  cone-cylinder. Time t = 25 psec. I 
Figure ~ ~ 6 :  Wave propagating  in a thin-walled  cone-cylinder. Time t = 28 psec. 
Figure F.7a: Wave propagating i n  a thin-walled cone-cylinder. T i m e  t = 38 psec. 
Figure F.7b: Wave propagating i n  a thin-walled  cone-cylinder. T i m e  t = 39 psec. 
Figure F.8: Wave propagating in thin-walled  cone-cylinder. Time t = 10 usec. 
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Figure F.9: Wave propagating in thin-walled cone-cylinder. Time t = 20 psec. 
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Figure F.10: Wave propagating in thin-walled  cone-cylinder. Time t = 30 w e c .  
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Figure F-11: Wave propagating in thin-walled cone-cylinder. Time t = 39 psec. 
Figure F.12: Wave propagating i n  a l a rge  con ica l  she l l .  T i m e  t = 10 psec. 
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Figure  F.13: Wave Propagat ing  in  a l a rge  con ica l  she l l .  Time t = 20 usec. 
Figure F. 14 : Wave Propagating i n  a la rge  conica l  shell. T i m e  t = 59 psec. 
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Figure ~ - 1 5 :  Wave propagating i n  a l a r g e  c o n i c a l  s h e l l .  T i m e  t = 81 psec. 
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Figure F.16: Wave Propagating i n  a l a r g e  c o n i c a l  s h e l l .  Time t = 91 vsec. 
